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Phenomenological kinetics �PK� is widely used in the study of the reaction rates in heterogeneous
catalysis, and it is an important aid in reactor design. PK makes simplifying assumptions: It neglects
the role of fluctuations, assumes that there is no correlation between the locations of the reactants
on the surface, and considers the reacting mixture to be an ideal solution. In this article we test to
what extent these assumptions damage the theory. In practice the PK rate equations are used by
adjusting the rate constants to fit the results of the experiments. However, there are numerous
examples where a mechanism fitted the data and was shown later to be erroneous or where two
mutually exclusive mechanisms fitted well the same set of data. Because of this, we compare the PK
equations to “computer experiments” that use kinetic Monte Carlo �kMC� simulations. Unlike in
real experiments, in kMC the structure of the surface, the reaction mechanism, and the rate constants
are known. Therefore, any discrepancy between PK and kMC must be attributed to an intrinsic
failure of PK. We find that the results obtained by solving the PK equations and those obtained from
kMC, while using the same rate constants and the same reactions, do not agree. Moreover, when we
vary the rate constants in the PK model to fit the turnover frequencies produced by kMC, we find
that the fit is not adequate and that the rate constants that give the best fit are very different from the
rate constants used in kMC. The discrepancy between PK and kMC for the model of CO oxidation
used here is surprising since the kMC model contains no lateral interactions that would make the
coverage of the reactants spatially inhomogeneous. Nevertheless, such inhomogeneities are created
by the interplay between the rate of adsorption, of desorption, and of vacancy creation by the
chemical reactions. © 2007 American Institute of Physics. �DOI: 10.1063/1.2741556�

I. INTRODUCTION

In recent years it has become possible to analyze the
chemical kinetics on solid surfaces by using the kinetic
Monte Carlo �kMC� method.1–4 The input to kMC is a list of
the rate constants of all elementary processes that can take
place on the surface: adsorption, desorption, diffusion, and
chemical reactions. A simulation may start, for example, with
a clean surface and with the molecules in the gas phase. The
molecules may then adsorb on the surface, diffuse from site
to site, and react when they are in the appropriate positions.
The results are meaningful if each event is executed with the
appropriate rate. This is done by using the rates of all pro-
cesses possible in a given molecular configuration to con-
struct probabilities for each event that can occur next.
Weighted by these probabilities, one event is executed ran-

domly, and, after this execution, the time is advanced appro-
priately and the probabilities are adjusted to correspond to
the new molecular configuration. Then, a new event is ex-
ecuted. Unlike other Monte Carlo procedures, kMC thus pro-
vides the evolution of the system out of equilibrium, in real
time. When applied to chemical kinetics, kMC provides an
efficient numerical method for finding the evolution of con-
centrations caused by the atomistic kinetic events included in
the model, without making further approximations.5 Since
the early conceptual work of Ziff et al.6 kMC has been used
to examine various models of CO oxidation,6–23 which is the
reaction of interest in this paper.

Rather than kMC, a practical catalytic research and
much of surface science use phenomenological rate equa-
tions, in which the reaction rate is proportional to the con-
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centrations of the reactants. One proposes a mechanism,
writes the corresponding rate equations, and varies the rate
constants to fit the data. Very often, the fitting is rather good,
and this is taken as a confirmation of the proposed mecha-
nism. Due to its usefulness in reactor design, this procedure
has reached a high level of sophistication.24,25 There are,
however, many examples in which a given kinetic mecha-
nism fitted the data well, only to fall apart as the data were
extended to other temperatures or concentrations, or when it
was discovered that reactions not included in the analysis
took place in the system. Classic examples are the reactions
of halogens with hydrogen whose kinetics was fitted well by
a second order equation. Two decades of subsequent work
established that, without doubt, this is a complicated chain
reaction having more than five steps.26 For a practical engi-
neer this may not be a problem: Even if the proposed mecha-
nism is erroneous, the equations can be used to design a
reactor as long as they fit the data. However, such usage
presumes that the equations can be used for conditions for
which measurements are not available. As many examples
show, such extrapolation is dangerous: If the mechanism is
incorrect, the extrapolation could be erroneous even though
the equations fitted well a limited set of data. Furthermore,
once the data are fitted, the resulting rate constants are used
to extract activation energies. If the fit is good, but acciden-
tal, the activation energies extracted from the rate constants
are meaningless and are a source of confusion.

Why would we doubt the validity of the phenomenologi-
cal equations, besides possible uncertainties regarding the
true reaction mechanism? First, the reaction between two
adsorbed molecules, A and B, is proportional to the probabil-
ity that they are in the right position �e.g., nearest neighbors�,
not with the product of their coverages. Using the product is
a mean-field approximation which assumes a perfect and
rapid mixing of the reactants that leads to uniformity in the
distribution of reactants on the surface. In most catalytic re-
actions this may not be the case. The interaction between the
adsorbed molecules can lead to segregation into domains
containing mostly one kind of molecules. Even when ther-
modynamics favors a uniform distribution, the kinetics of
adsorption, desorption, diffusion, and reaction can create
nonuniformity23 if the time to reach an equilibrium distribu-
tion on the surface is longer than the time it takes for kinetics
to destroy spatial uniformity.

Another failure of the phenomenological kinetics �PK�
equations is displayed by the detailed balance. For a revers-
ible reaction, in which the forward and the backward rates
are proportional to the concentrations, the rate equations lead
to an equilibrium constant that depends on concentrations.
This equilibrium constant is correct only if the reactants and
the products form an ideal mixture;27 i.e., only then do the
PK rate equations provide the correct equilibrium.28,29

These objections to the PK equations are not new, and
possible remedies have been discussed in the
literature.8,25,28–32 Kinetic Monte Carlo simulations do not
have any of these flaws. Because they take into account the
interactions between the molecules and their diffusion on the
surface, the kMC simulations build up the correct spatial
distribution of the molecules, and two molecules react only

when they are in the proper positions. Since interactions are
accounted for correctly, the thermodynamic activity of the
reactants and products is automatically taken into account,
and if the kMC rate constants are derived properly,23 there is
no conflict with the detailed balance. Since the simulations
are stochastic, and each event takes place with the appropri-
ate probability, fluctuations are also treated correctly.

These observations prompted us to undertake the present
study, in which we compare the results of kMC simulations
to the results obtained by solving the PK rate equations for
the same model. We feel that this is more instructive than a
comparison of the PK equations to the experiment since in
kMC we know with certainty the reaction mechanism and
every rate constant. Therefore, any discrepancy between
kMC and PK is due to intrinsic shortcomings of the PK
theory. In addition, the kMC allows us to understand the
cause of the discrepancy since we can examine whether re-
actant segregation takes place and we can determine the
probability that two reactant molecules are nearest neighbors
and compare it to the product of the coverages.

To perform this comparison we use the example of the
catalytic oxidation of CO by a RuO2�110� surface, which
was examined by kMC in previous work by Reuter and
Scheffler.23 The rate constants have been calculated using
transition state theory with activation energies obtained with
density-functional theory �DFT�.23 The results of the kMC
simulation are in good agreement with experiment.33 Since
we use the kMC simulations as a computer experiment, the
agreement with experiment is not even really necessary; it is,
however, reassuring to know that we do not study a model
whose parameters are far from reality.

Section II reviews briefly the properties of the surface
and the kMC model, and presents the rate equations used in
the PK calculations. Section III compares the dependence of
the steady-state surface coverage on the partial pressures of
CO and O2, calculated with kMC and PK. The qualitative
description provided by PK for this dependence is similar to
that obtained in kMC. The main result is that the CO2 for-
mation is rapid only in a certain range of CO and O2 partial
pressures. Outside this range, the surface is covered almost
completely by one of the components, and the reaction is
very slow. While PK is qualitatively correct, it is quantita-
tively erroneous: The pressures at which the activity of the
catalyst is highest in the PK calculations are fairly different
from those given by kMC, and under other pressure condi-
tions the PK activity differs from the kMC activity by up to
a few orders of magnitude. In Sec. IV we take the view that
the kMC produces “experimental data” and then vary the rate
constants in the PK theory to get the best fit of these data. If
the PK theory were correct, the fit would be good and the
rate constants giving the best fit would be close to those used
in the kMC simulation. We find that this is not the case: The
fit is fairly poor and the rate constants giving the best fit are
very different from those used in the kMC simulation �which
are the correct rate constants�.

The kMC simulations provide the positions of the atoms
on the surface during the reaction. Therefore, we can calcu-
late both the probability that CO and O are neighbors on the
lattice and the product of their coverages. We find, in Sec. V,
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that these two quantities differ from each other �while the
mean-field ideal-mixture approximation implicit in PK as-
sumes them to be the same�. We show that this difference
arises because the rates of deposition and removal of CO and
O2 on the surface create a substantial concentration inhomo-
geneity in spite of the fact that the species are allowed to
diffuse on the surface.

II. THE MODEL

As we have already mentioned, many publications6–23

have presented kMC simulations of catalytic CO oxidation
by using a variety of models. We examine here the kinetics
of a model of CO oxidation by a “Ru catalyst” which has
been extensively studied theoretically by Reuter
et al.21–23,34–38 These calculations have found that in a cata-
lytically most active state and in the case of the Ru�0001�
single-crystal surface, the catalyst is, in fact, a RuO2�110�
film that forms during the oxidation reaction. These findings
are in agreement with the experimental results.39–55 The cal-
culations also show that the �110� face of RuO2 has two
distinct adsorption sites for O or CO: the bridge �br� site
where the adsorbate binds to two Ru atoms and the coordi-
natively unsaturated �cus� site where the adsorbate is on top
of a Ru atom �see Fig. 1�. Each rectangular �1�1� surface
unit cell has one br and one cus site. Both molecules can
adsorb on either the bridge or the cus sites; O2 binds disso-
ciatively and CO binds without dissociation. CO2 does not
bind to the surface and leaves it as soon as it is formed.

The kinetic Monte Carlo calculations are performed on
the lattice model shown in the right-hand panel in Fig. 1,
where each site corresponds to a surface area As=10.03 Å2.
All simulations have been conducted on a system with 20
�20 surface sites �200 br and 200 cus sites� and periodic
boundary conditions. Test runs for a 40�40 system led to
identical results for the quantities reported here.

The simulation takes into account the following events:
The adsorption-desorption processes are

CObr�
k−1

k1

COgas + Vbr, E1 = 1.6 eV, �1�

COcus�
k−2

k2

COgas + Vcus, E2 = 1.3 eV, �2�

2Obr�
k−3

k3

O2
gas + 2Vbr, E3 = 4.6 eV, �3�

2Ocus�
k−4

k4

O2
gas + 2Vcus, E4 = 2.0 eV, �4�

Obr + Ocus�
k−5

k5

O2
gas + Vbr + Vcus, E5 = 3.3 eV. �5�

Here, V denotes a vacant lattice site and Ei are the energy
barriers to desorption calculated with DFT.

In addition, the model includes the following reactions
among the adsorbates:

CObr + Ocus ——→
k6

CO2 + Vbr + Vcus, E6 = 0.8 eV, �6�

CObr + Obr ——→
k7

CO2 + 2Vbr, E7 = 1.5 eV, �7�

COcus + Ocus ——→
k8

CO2 + 2Vcus, E8 = 0.9 eV, �8�

COcus + Obr ——→
k9

CO2 + Vcus + Vbr, E9 = 1.2 eV. �9�

Here, Ei are the activation energies, again calculated with
DFT.23 The DFT calculations23 find that CO2 binds only very
weakly to the surface, so that the reverse processes in Eqs.
�6�–�9� are not considered.

The kMC program also includes the diffusion of the spe-
cies on the surface. The site-to-site hopping rates were
determined23 by using DFT to calculate the activation energy
and transition state theory to determine the hopping rates.
The reaction rates are such that at high gas pressures, the
adsorption rate is much higher than the rate of vacancy cre-
ation in the oxygen layer �by either desorption or reaction�.
Because of this, at high pressures most surface sites are oc-
cupied and diffusion becomes unimportant. Using the equa-
tions provided in the Appendix, the energies Ei �for given
gas-phase conditions, i.e., temperature and partial pressure�
determine the rates kkMC,i with which the individual events
are executed in the kMC simulations.

In summary, the kMC model takes into account the dis-
sociative adsorption of O2 resulting in three possible postad-
sorption states �two O atoms in neighboring cus sites, two O
atoms in neighboring br sites, or two O atoms, one in a br
site and one in a neighboring cus site�; the associative de-
sorption of O2 from each of the three configurations of the O
atoms; the adsorption of CO in cus or br sites; the desorption
of CO from cus or br sites; the reaction of CO with O from
four different initial states �O in cus reacting with CO in cus,
O in cus with CO in br, O in br with CO in br, and O in br
with CO in cus�; and the hops of O and CO from a site to the
nearest site �for all possible site combinations�. The rates for
all these processes are calculated by using DFT to determine
the energy barriers and transition state theory to calculate the
rate constants. The sticking coefficients of CO and O2 are

FIG. 1. Central panel: Top view of the RuO2 �110� surface showing the two
prominent adsorption sites �br and cus�. When focusing on these two sites,
the surface can be coarse grained to the lattice model shown schematically
to the right. Additionally shown are two perspective views in the left panels,
exemplifying what the atomic structure of the surface looks like if all bridge
sites are occupied with oxygen atoms and the cus sites remain empty �the
yellow Obr/– “phase” in Figs. 2 and 3, top left panel�, or if oxygen atoms
occupy both site types �the red Obr/Ocus phase in Figs. 2 and 3, bottom left
panel�. Ru=light, large spheres; O=dark, small spheres. Atoms lying in
deeper layers have been whitened in the top view for clarity.

204711-3 Heterogeneous catalytic reactions J. Chem. Phys. 126, 204711 �2007�

Downloaded 01 Jun 2007 to 141.14.130.202. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



equal to 1.23 This is the most comprehensive model of CO
oxidation proposed to date, in which every kinetic assump-
tion �binding sites, rates, and structures� is based on DFT.
The model, with no adjustable parameters, is in good agree-
ment with the experiments.23 For testing the phenomenology
it is not essential that the model represents precisely a spe-
cific system, but it is important to use a model that represents
a realistic situation; one would not want to examine phenom-
enological kinetics under conditions that are never met in
practice.

The kMC calculations are performed by using the stan-
dard rejection-free algorithm1–4 and by keeping constant the
temperature, the partial pressures of CO and O2, and the total
pressure; this means that it is assumed that CO2 is removed
efficiently from the reacting system and the heat of reaction
is quickly dissipated away. The same assumptions are made
when writing the PK equations displayed below. Since our
purpose is to compare the kMC results to the PK ones, it is
essential that we use the same conditions in both programs.

Considering the processes described in Eqs. �1�–�9�, the
corresponding PK rate equations for the coverages of the
various adsorbed species are

d�CObr�t�
dt

= k−1�Vbr�t� − k1�CObr�t�

− k6�Ocus�t��CObr�t� − k7�Obr�t��CObr�t� ,

�10�

d�COcus�t�
dt

= k−2�Vcus�t� − k2�COcus�t�

− k8�Ocus�t��COcus�t�

− k9�Obr�t��COcus�t� , �11�

d�Obr�t�
dt

= 2k−3�Vbr�t�2 − 2k3�Obr�t�2

+ k−5�Vbr�t��Vcus�t� − k5�Obr�t��Ocus�t�

− k7�CObr�t��Obr�t� − k9�COcus�t��Obr�t� ,

�12�

d�Ocus�t�
dt

= 2k−4�Vcus�t�2 − 2k4�Ocus�t�2

+ k−5�Vbr�t��Vcus�t� − k5�Obr�t��Ocus�t�

− k6�CObr�t��Ocus�t� − k8�COcus�t��Ocus�t� .

�13�

Because the system has two sublattices, formed by cus and
br sites, the definition of coverage can be an endless source
of confusion. In the above equations �and everywhere where
the symbol � is used�, the coverage refers to the sublattice
sites. Thus, the symbol �Ax denotes the total number of mol-
ecules A in all sites x divided by the total number Nx of x
sites on the surface. For example, �COcus is the number of
CO molecules on the cus sites divided by the total number of
cus sites. In the model, a site is either occupied by a CO
molecule or a O atom, or it is empty; multiple site occupa-

tion is not allowed. The factor of 2 in some of the terms in
Eq. �12� is present because the adsorption or desorption of
one O2 molecule creates or removes two oxygen atoms on
the br sites. The factors of 2 in Eq. �13� are introduced for a
similar reason.

On purpose, the phenomenological model does not in-
clude the diffusion of the various species on the surface. This
approximation, which is most common, assumes that the role
of diffusion is to create a perfect mixing of the species on the
surface, which justifies the use of the products of surface
concentrations �coverages� in the rate equation. In order to
make contact with common practice in the PK theory, we
therefore do not explicitly consider diffusion in the rate
equations, although it would be technically easy to do so.

By using the conservation conditions

�Vbr�t� = 1 − �CObr�t� − �Obr�t� , �14�

�Vcus�t� = 1 − �COcus�t� − �Ocus�t� , �15�

we eliminate the vacancy “coverages,” �Vcus and �Vbr, from
the rate equations. After this elimination, the four differential
equations describe the evolution of �COcus, �CObr, �Ocus,
and �Obr. These coupled, nonlinear, differential equations are
solved numerically, with MATHEMATICA, by using the func-
tion NDSolve with a method that solves stiff equations.

Finally, we comment on the relationship between the rate
constants used in PK and those used in kMC. Let us assume
that we are interested in the reaction of Ax+By, where A and
B could be O, CO, or a vacancy V �when the “reaction” is an
adsorption� and x and y are the sites where the species are
located �i.e., cus or br�. In kMC the contribution of this re-
action to the rate of formation of the molecule AB �at a given
moment in time� is

rate�Ax,Bx� = kkMC�Ax,By�N2�Ax,By� . �16�

Here, kkMC�Ax ,By� is the rate constant for the reaction of Ax

with By �the values of these rate constants for certain tem-
perature and pressure conditions are given in Table I�. We
note that sometimes in the kMC literature, kkMC�Ax ,By� is

TABLE I. Rate constants �s−1� for the two gas-phase conditions discussed
frequently in the text: T=600 K �pCO=7 atm and pO2

=1 atm� and T
=350 K �pCO=4�10−10 atm and pO2

=1�10−10 atm�.

Process ki �600 K� ki �350 K�

CObr adsorption 7.2�108 5.0�10−2

COcus adsorption 7.2�108 5.0�10−2

Obr+Obr adsorption 9.7�107 1.0�10−2

Ocus+Ocus adsorption 9.7�107 1.0�10−2

Obr+Ocus adsorption 9.7�107 1.0�10−2

CObr desorption 2.8�104 1.4�10−6

COcus desorption 9.2�106 2.9�10−2

Obr+Obr desorption 4.1�10−21 2.0�10−49

Ocus+Ocus desorption 2.8�101 5.5�10−12

Obr+Ocus desorption 3.4�10−10 1.1�10−30

CObr+Ocus→CO2 1.2�106 1.1�101

CObr+Obr→CO2 1.6 9.2�10−10

COcus+Ocus→CO2 1.7�105 0.4
COcus+Obr→CO2 5.2�102 1.9�10−5
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called the rate of reaction, but we will not use this nomen-
clature here. In addition, in kMC and the phenomenological
theory the adsorption rate of compound A is proportional to
the partial pressure of A. We have included the partial pres-
sure of CO or O2 in the rate constant for adsorption because
all the calculations are done at a constant pressure. This is
not always the custom in chemical kinetics which often uses
rate expressions in which the partial pressure is displayed
explicitly.

N2�Ax ,By� is the number of A-B pairs that are next-
neighbors, with A on site x and B on site y. Equation �16�
thus gives the number of AB molecules produced per unit
time by the reaction Ax+By. The phenomenological theory
calculates the rate by replacing N2�Ax ,By� with the mean-
field approximation

N2�Ax,By� →
N

2

N1�Ax�
Nx

N1�By�
Ny =

N

2
�Ax�By , �17�

i.e., it replaces N2�Ax ,By� by the probability to find species A
at sites x times the probability to find species B at sites y
times the total number of x-y site pairs. Here, N1�Ax� is the
number of molecules A on the x sublattice, N1�By� is the
number of molecules B on the y sublattice, and N=Ncus

+Nbr is the total number of sites on the lattice. �Ax and �Ay

are the coverages defined earlier. Using this replacement in
Eq. �17� tells us that the contribution of the reaction Ax

+By to the production of AB is given by kkMC�Ax ,By�
��N /2��Ax�By in the phenomenological theory.

We are interested here in the turnover frequency �TOF�
for CO2 production which is the number of CO2 molecules
produced jointly by all reactions per unit time divided by the
number of lattice sites N. In PK this quantity is calculated,
after solving the differential equations, from

TOF�CO2,t� = 1
2 �k6�CObr�t��Ocus�t� + k7�CObr�t��Obr�t�

+ k8�COcus�t��Ocus�t�

+ k9�COcus�t��Obr�t�� . �18�

In principle, phenomenological theory could replace the
mean-field assumption �Eq. �17�� with a better approxima-
tion that takes into account some of the effects of statistical
correlations. In practice, this is, however, rarely done, and
we are not aware of proposed assumptions that have been
proven correct.

III. THE DEPENDENCE OF THE STEADY-STATE
COVERAGES AND OF THE CO2 PRODUCTION RATE
ON THE O2 AND CO PARTIAL PRESSURES

The dependence of the TOF for CO2 production on the
gas-phase conditions is conveniently described by a kinetic
phase diagram, introduced in the previous work,23 shown in
the left panels of Figs. 2 and 3. For a fixed temperature and
every pair of partial pressures �pCO, pO2

� we represent the
composition of the surface by a color coded point. For ex-
ample, at the partial pressures corresponding to the red re-
gion more than 90% of the lattice sites are occupied by oxy-
gen atoms. Because there is little CO on the surface, very
little CO2 is produced at the pressures corresponding to this

region of the diagram. At the pressures corresponding to the
blue region, more than 90% of the sites are occupied by CO
molecules; now, the small amount of oxygen on the surface
makes CO oxidation slow. Thus, for most partial pressures
one of the reactants is present on the surface in very small
amounts, which leads to low conversion rates. The points
where both components are present on the surface in appre-
ciable amounts and where CO2 is produced with a significant
rate are shown in white.

The panels in the right-hand side of Figs. 2 and 3 show
contour maps of the TOF for CO2 production, again as a
function of the partial pressures of the reactants and of the
selected temperatures. The straight heavy lines in the picture
show the borders between the various regions in the “kinetic
phase diagram.” It is intriguing to see how sharply the rate
increases, as the pressures at which both components are
present on the surface are approached �the rate increases by
one order of magnitude from one contour to another�.

The topology of the kinetic phase diagrams and contour
maps generated by kMC and PK is similar. Both methods
predict the existence of different “phases” on the surface and
the fact that the reaction is rapid only for a relatively narrow

FIG. 2. �Color online� �a� Left panel: A schematic representation of the
steady-state coverages obtained by PK, employing the kMC rate constants
�Table I�, at 600 K, as a function of the partial pressures of CO and O2. In
all regions that are not white, the average site population is dominated
��90% � by one species, i.e., either O or CO, or empty sites ���. The labels
correspondingly characterize the surface populations by indicating this ma-
jority species at the br and at the cus sites. For example, in the blue region
�CObr/COcus� more than 90% of the br sites and of the cus sites are occupied
by CO molecules. Right panel: A contour map of the turnover frequency
�TOF� of CO2 production as a function of the partial pressures. The TOF
values increase one order of magnitude from one contour to another, and
higher values have darker shading. The white region corresponds to TOF
values smaller than 1011 cm−2 s−1. �b� Diagrams equivalent to those shown
in �a�, now obtained by kMC simulations at 600 K. Left panel: Schematic
representation of the steady-state coverages. Right panel: Contour map of
the TOF for CO2 production. The same contour shading is employed as in
�a�; i.e., the white areas have a TOF�1011 cm−2 s−1, and each increasing
gray level represents one order of magnitude higher activity.
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range of partial pressures. There are, however, quantitative
differences. For example, the region where the catalyst is
active is much broader in the PK calculations. These quanti-
tative differences between kMC and PK are better displayed
by making one-dimensional graphs along constant-pressure
cuts through the “kinetic phase diagram.” Figure 4�a� shows
the dependence of the steady-state TOF given by PK. The
temperature is fixed at 600 K, the oxygen partial pressure is
1 atm, and pCO is varied over a wide range. The figure gives
the TOF for total CO2 production �by all reactions� and also
the contribution to CO2 production from each of the four
reactions taking place on the surface. The TOF peaks sharply
�the logarithmic scale flattens the peak� as pCO is varied
across the white region of the phase diagram. At higher CO
pressures, the main contribution to CO2 formation comes
from the reaction CObr+Ocus, followed by COcus+Ocus. At
lower pressures the COcus+Ocus is more active than CObr

+Ocus.
Among the four reactions, the rate constant for the

CObr+Ocus reaction is the largest, and at 600 K it is equal to
1.2�106 s−1. The rate constant for COcus+Ocus is substan-
tially smaller �0.2�106 s−1� but still exceeds by several or-
ders of magnitude the remaining rate constants �see Table I�.
If one assumes �as is fairly common practice� that the rate
constants alone determine the importance of a reaction, one
would falsely conclude that the CObr+Ocus reaction is the
most important at all CO pressures. However, the steady-
state rate is a product of the rate constant with the steady-

state coverages, and this must be taken into account when
determining which reaction is most important. The results
presented in Fig. 4�a� show that in the low pressure range,
the product of �COcus��Ocus must be larger than �CObr

��Ocus, and this makes the rate of COcus+Ocus higher, in
spite of having the smaller rate constant. At smaller CO pres-

FIG. 3. �Color online� �a� The same information as in Fig. 2�a� for calcula-
tions performed with PK at 350 K. At this lower temperature, the TOFs for
CO2 production are significantly lower. The white region in the contour plot
corresponds now to an activity of less than 103 cm−2 s−1, and each increasing
gray level represents again one order of magnitude higher activity. �b� The
same information as in �a� for calculations performed with kMC at 350 K.
At this lower temperature, the TOFs for CO2 production are significantly
lower. Just as in �a�, the white region in the contour plot corresponds now to
an activity of less than 103 cm−2 s−1, and each increasing gray level repre-
sents again one order of magnitude higher activity.

FIG. 4. �Color online� �a� Dependence of the TOF �upper panel� and site
occupations �lower panel� obtained with PK employing the kMC rate con-
stants, T=600 K and pO2

=1 atm. Shown in the upper panel is the depen-
dence of the total TOF, as well as the contribution of the four different
reaction mechanisms. The maximum TOF is obtained at pCO=3 atm. The
lower panel shows the average occupation of the br and cus sites by O or
CO. �b� The same information as in �a�, but obtained by kMC. Upper panel:
The TOF as a function of the CO pressure. The maximum TOF is reached at
pCO=7 atm. Lower panel: Average site occupation as a function of CO
pressure.
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sures, there is thus more COcus on the surface than CObr. In
general, this steady-state CO coverage on a given site is a
result of the interplay between all the processes in the sys-
tem. However, in the present case, it is predominantly due to
the significantly stronger bonding of oxygen at the br sites,
which are then blocked for CO adsorption.

Of greater interest to the present work is the difference
between the behaviors predicted by PK and kMC. The kMC
results, for T=600 K and pO2

=1 atm, are shown in Fig. 4�b�.
We see similarities between the PK and kMC results: Both
predict that at high CO pressures CObr+Ocus is more produc-
tive, followed by COcus+Ocus, and that at lower CO pres-
sures this situation is reversed. The evolution of the steady-
state coverages with the CO pressure in Figs. 4�a� and 4�b�
are also very similar. Despite these similarities, there are
quantitative differences �see Table II�. The peak in the reac-
tion rates is narrower in kMC, and the evolution of the rate
�as the CO pressure is varied� is more abrupt. The highest
rate in kMC is that of the reaction COcus+Ocus �1.9
�1019 cm2 s−1� at pCO=7 atm, while in PK the rate of this
reaction is only 2.1�1018 cm2 s−1 at this pressure. More-
over, under these conditions the fastest reaction in PK is
CObr+Ocus with a rate of 1.2�1019 cm2 s−1, which is very
different from the corresponding kMC rate of 2.8
�1018 cm2 s−1. Thus, not only do the rates obtained in PK
differ significantly from the kMC ones, but even the domi-
nant reaction is incorrectly identified by PK. There is also a
discrepancy in the prediction of the gas-phase conditions for
which the highest TOF is obtained: kMC predicts that at T
=600 K and pO2

=1 atm one should use pCO=7 atm, while
PK recommends pCO=3 atm.

Similar remarks can be made about the results presented
in Figs. 5�a� and 5�b�, for T=350 K and pO2

=10−10 atm, for
PK and kMC, respectively. The corresponding peak rates at
pCO=4�10−10 atm are listed in Table III. For this very low
pressure condition the assumption of a random distribution
of the adsorbates is apparently better fulfilled. Now PK de-
scribes correctly that the clearly dominant reaction is that of
COcus+Obr.

IV. THE BEST FIT OF THE KMC “DATA” BY THE PK
EQUATIONS

We have already mentioned that we consider the kMC
results to be “computer experiments” against which the re-

sults of the PK theory can be judged. Here, we pretend that,
like in a real experiment, we do not know the rate constants
and determine them by adjusting the rate constants in the PK
theory so that the TOF calculated by PK fits best the kMC
results. More precisely, we model the common situation that
the rate constants for adsorption and desorption are believed
to be known from independent experiments. These rate con-
stants are therefore set equal to the values used in kMC, and
the fitting is restricted to the rate constants of the four reac-
tion processes.

TABLE II. Comparison of the steady-state turnover frequencies �TOFs� due
to the four different reaction mechanisms as obtained by PK and kMC �in
both cases using the kMC rate constant ki, Table I�. The TOFs give CO2

production per s per cm2. Shown are the data for gas-phase conditions
corresponding to the peak catalytic activity in Fig. 4�b� �T=600 K, pCO

=7 atm, and pO2
=1 atm�.

Reaction mechanism
�T=600 K�

PK
�cm−2 s−1�

kMC
�cm−2 s−1�

CObr+Obr 1�1014 1�1014

COcus+Ocus 20 670�1014 188 760�1014

COcus+Obr 390�1014 3520�1014

CObr+Ocus 124 860�1014 27 720�1014

Total TOF 145 921�1014 220 001�1014

FIG. 5. �Color online� �a� The same information as in Fig. 4�a� for calcula-
tions performed with PK at 350 K and pO2

=1�10−10 atm. The maximum
TOF is reached at pCO=2�10−10 atm. �b� The same information as in �b�
for calculations performed with kMC at 350 K and pO2

=1�10−10 atm. The
maximum TOF is reached at pCO=4�10−10 atm.
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We perform this analysis for two kinds of kMC data. In
one we fit the evolution of the TOF from the time when the
reaction starts to the time when the TOF reaches the steady
state for fixed partial pressures, temperature, and initial cov-
erage. In the other, we fit the dependence of the steady-state
TOF on the partial pressure of CO, while the temperature,
the partial pressure of oxygen, and the initial coverages are
all kept constant.

In the first type of fit we “measure” the TOF for CO2

production, RkMC�ti�, as a function of the time ti for given
initial coverages, temperatures, and partial pressures �and av-
eraging over kMC runs with different random number
seeds�. Then, we define the least-squares error function

e�k6,k7,k8,k9� = �
i=1

N

�RkMC�ti� − RPK�ti,k6,k7,k8,k9��2,

�19�

where RPK�ti� is the TOF given by the PK method at the time
ti at which the kMC measurements are made. We vary the
rate constants k6, k7, k8, and k9 in RPK to minimize
e�k6 ,k7 ,k8 ,k9�. The minimization of e is performed in MATH-

EMATICA by using the function Minimize. We have experi-
mented with a variety of initial guesses for the iterative mini-
mization and with various constraints on a reasonable range
over which the rate constants are varied, to make sure �as far
as possible� that we did find the absolute minimum.

In Fig. 6�a� we show the evolution of the CO2 turnover
frequencies with time, calculated with PK and with kMC,
where we first used the same �kMC� rate constants in both
approaches. The conditions are T=350 K, pO2

=1
�10−10 atm, and pCO=4�10−10 atm, i.e., gas-phase condi-
tions which correspond to the peak catalytic activity in Fig.
5�b�. In the initial state all bridge sites on the surface are
occupied by oxygen atoms and all cus sites are free. This is
the Obr/– phase, which is the standard surface termination
produced after annealing in ultrahigh vacuum. The PK re-
sults differ from the kMC ones, but not dramatically. We then
adjust k6 , . . . ,k9 until PK gives the best fit to the kMC re-
sults. The best fit is shown by the dashed line, and it is quite
satisfactory. However, the values of k6 , . . . ,k9 that give the
best fit are quite different from the ones used in kMC �see
Table IV�.

The discrepancy is rather large, but it is not as bad as it
appears at first sight. To determine how sensitive the PK
results are to changes in individual rate constants, we have
solved the differential equations for several values of a given
rate constant ki while keeping the other rate constants fixed.
We have found that under the gas-phase conditions men-
tioned above the TOF is rather insensitive to changes in k6,
k7, and k9, and it is more sensitive to the value of k8. There-
fore, large differences between the optimized values of k6,
k7, and k9 and the correct values do not affect the TOF much.
This means that even if the PK theory was correct for this
particular system, it would be difficult to determine the con-
stants k6, k7, and k9 accurately by fitting because both the
accuracy of the measurements of the TOF and that of the
optimization procedure would have to be extremely high.

TABLE III. Comparison of the steady-state turnover frequencies �TOFs�
due to the four different reaction mechanisms as obtained by PK and kMC
�in both cases using the kMC rate constants ki, Table I�. The TOFs give CO2

production per s per cm2. Shown are the data for gas-phase conditions
corresponding to the peak catalytic activity in Fig. 5�b� �T=350 K, pCO=4
�10−10 atm, and pO2

=1�10−10 atm�.

Reaction mechanism
�T=350 K�

PK
�cm−2 s−1�

kMC
�cm−2 s−1�

CObr+Obr 0 0
COcus+Ocus 1850�109 3976�109

COcus+Obr 6�109 8�109

CObr+Ocus 60�109 16�109

Total TOF 1916�109 4000�109

FIG. 6. �a� The evolution of the TOF frequency for CO2 production as a
function of time. The solid line gives the turnover frequencies obtained by
PK using the kMC rate constants. The circles show the TOF evolution given
by kMC. The dashed line represents the TOF evolution given by PK when
the reaction rate constants ki �i=6,7 ,8 ,9� are adjusted to yield the best fit to
the kMC data �Table IV�. The gas-phase conditions correspond to the peak
catalytic activity in Fig. 5�b�, i.e., T=350 K, pO2

=1�10−10 atm, and pCO

=4�10−10 atm. Note that at the maximum time shown �350 s�, the steady
state has not yet been reached. The corresponding steady-state TOFs are
listed in Table III. �b� The dependence of the steady-state TOF for CO2

production as a function of the CO partial pressure at T=600 K and pO2
=1 atm. The solid line gives the turnover frequencies obtained by PK using
the kMC rate constants. The circles show the TOFs given by kMC. The
dashed line represents the TOFs given by PK when the reaction rate con-
stants ki �i=6,7 ,8 ,9� are adjusted to yield the best fit to the kMC data
�Table IV�.
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This situation is not unusual in phenomenological kinetics
where it often happens that one cannot obtain precise infor-
mation about the rate of some of the reactions in an overall
mechanism. On the other hand, the fact that the value of k8

giving the best fit differs from the correct one by an order of
magnitude is significant and indicates that the phenomeno-
logical theory is deficient.

The fit reported above is the best we have obtained. The
same type of study for T=600 K, pCO=7 atm, and pO2
=1 atm results in more serious discrepancies. The best fit to
the data is poor �not shown�, and the rate constants giving
the best fit are shown in Table IV, where the column
kkMC�600 K� gives the rate constants used in kMC and kfit�t

gives the rates obtained by the best fit. The two sets or rate
constants are again quite different.

The reaction at 600 K and the pressures indicated above
is very fast, and had we performed real experiments we
would have not been able to measure the evolution of TOF in
time. A fit of the dependence of the steady-state TOF on the
gas-phase conditions �partial pressures and temperature�
would be closer to what one would do in a real experiment.
Such a fitting minimizes the error

e�k6,k7,k8,k9� = �
�=1

N

�RkMC�p�,��

− RPK�p�,�,k6,k7,k8,k9��2, �20�

where RkMC�p� ,�� is the steady-state TOF for CO2 forma-
tion obtained by kMC. Here, we illustrate this by fixing T
=600 K and pO2

=1 atm and by varying the CO partial pres-
sure p�= pCO. RPK�p� ,� ,k6 ,k7 ,k8 ,k9� is the turnover fre-
quency calculated with the PK theory under the conditions
used to obtain RkMC; k6, k7, k8, and k9 are adjustable and the
other rate constants are held fixed at the values used in kMC.
The infinity symbol in the above equation indicates that we
use the steady-state TOF.

In Fig. 6�b� we show the dependence of the TOF on pCO

obtained in the kMC simulation, in the PK calculations with
the kMC rate constants, as well as in the PK calculations
using the values of k6, k7, k8, and k9 that give the best fit. The
fit is poor. The rate constants giving the best fit are shown in
column kfit�p of Table IV, and they should be compared to the

values shown in column kkMC�600 K�. The values produced
by the best fit are very different from the correct ones �i.e.,
the values used in kMC�.

A qualitative, partial understanding of the reasons for the
poor fit is obtained by studying numerically the behavior of
the system at low and high pressures. We find that rate con-
stants that fit the low pressure data are very different from
those that fit the high pressure data. This is because the shape
of the TOF curve versus the CO pressure, given by PK, has
a different character than that observed in kMC, and the PK
equations are apparently unable to reproduce the steep rise in
the kMC TOF curve when approaching the highest activity
state from the low pressure side.

Our conclusion is that even though this is a relatively
simple system, the phenomenological theory fails to repre-
sent the experimental result. Even worse, it could be mis-
leading and could give a good fit to the data and erroneous
rate constants.

V. WHAT IS THE SOURCE OF ERROR IN THE
PHENOMENOLOGICAL THEORY?

As we discussed in Sec. II a major approximation made
by phenomenological kinetics is the replacement of the num-
ber of pairs that are in position to react with the mean-field
approximation indicated in Eq. �18�. For the reaction COcus

+Obr the general notation �Eq. �18�� becomes

N2�COcus,Obr� →
N

2

N1�COcus�
Ncus

N1�Obr�
Nbr

= 2
N1�COcus�N1�Obr�

N

=
N

2
�COcus�Obr. �21�

N2�COcus,Obr� is the number of CO molecules in a cus site
that have an O atom in a nearest-neighbor br site; N1�Obr� is
the number of oxygen atoms in a br site; N1�COcus� is the
number of CO molecules in a cus site; N is the total number
of sites �br+cus� in the lattice. The PK theory assumes that
the left-hand side of Eq. �21� is equal to the right-hand side.
Similar assumptions are made for the reactions COcus+Ocus,

TABLE IV. Reaction rate constants ki �i=6,7 ,8 ,9� for the four reaction mechanisms. kkMC are the rate con-
stants used in the kMC simulations �Table I�. kfit�t are the rate constants obtained by fitting the PK TOFs to the
time evolution of the kMC TOFs �Fig. 6�a��. kfit�p are the rate constants obtained by fitting the steady-state PK
TOFs to the partial pressure dependence of the kMc TOFs �Fig. 6�b��. Two sets of gas-phase conditions are
considered for the fitting of kfit�t, corresponding to the peak catalytic activity in Figs. 4�b� and 5�b�: T
=350 K, pCO=4�10−10 atm, and pO2

=1�10−10 atm and T=600 K, pCO=7 atm, and pO2
=1 atm. For the fitting

of kfit�p the partial pressure pCO was varied for fixed T=600 K and pO2
=1 atm.

Reaction mechanism kkMC�350 K� kfit�t kkMC�600 K� kfit�t kfit�p

CObr+Ocus ——→
k6

CO2
11 1.8�10−3 1.2�106 1.3�106 1.0�104

CObr+Obr ——→
k7

CO2
9.2�10−10 9.2�10−5 1.6 1.3�106 3.0�104

COcus+Ocus ——→
k8

CO2
0.4 22 1.7�105 1.5�106 4.4�103

COcus+Obr ——→
k9

CO2
1.9�10−5 0.15 5.2�102 5.2�105 3.4�103
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CObr+Ocus, and CObr+Obr and for the adsorption and de-
sorption of O2.

The validity of this approximation can be tested because
the kMC simulations calculate exactly the quantities
N2�Ax ,By�, N1�Ax�, and N1�Bx� for all species, at all sites,
and at all times during the evolution of the system. In Table
V we give the average values of N2�Ax ,By� /N and
2N1�Ax�N1�By� /N2 evaluated during the steady state for the
gas-phase conditions that correspond to the peak catalytic
activity at T=600 K �pCO=7 atm and pO2

=1 atm�, and we
compare them to the values of 1

2��Ax���By� that result from
the PK simulations under the same gas-phase conditions. If
there were no correlations in the site occupations, then
N2�Ax ,By� /N and 2N1�Ax�N1�By� /N2 would be equal in the
kMC simulations. In addition, if the PK �based on the mean-
field assumption and not accounting for the detailed lattice
structure� gave a perfect description of the kinetics, then
N2�Ax ,By� /N would be equal to 1

2��Ax���By�, where the
coverages � are calculated by solving the PK differential
equations. Table V demonstrates clearly that this equality is
not found in the simulation.

The correlations in the site occupations accounted for in
the kMC simulations suppress, in particular, the CObr+Ocus

pairs compared to a random arrangement on the lattice
�0.0023 vs 0.0078 at 600 K, Table V�. This is illustrated in
Fig. 7, which shows a snapshot of the occupation of the
lattice at the steady state at these gas-phase conditions. Al-
most all CObr species are chaperoned by COcus molecules in
the neighboring cus sites. Due to the lack of suitable neigh-
boring pairs, this further suppresses the CObr+Ocus reaction
despite its most favorable rate constant among the four pos-
sible reaction mechanisms. We note that it is interesting to
see that even though there are no lateral interactions between
the adsorbed species in the kMC model, the chemical reac-
tions manage to create a fair degree of aggregation �regions
having concentrations substantially higher or lower than the
average concentration� in spite of the fact that diffusion is
included in the simulation. This structure is primarily created
by the fact that O2 adsorption requires two sites and a CO
one, and because the creation of the vacant sites by desorp-
tion and reactions is structure dependent.

VI. CONCLUSIONS

The comparison of the phenomenological equations to
kMC simulation has the advantage that in kMC we know the
rate constants, the reaction mechanism, and the structure of
the surface. Therefore, any discrepancy between the two
methods is due to intrinsic shortcomings of the phenomeno-
logical theory. The model examined here has not been de-
signed to create difficulties for the phenomenological theory.
Surface diffusion is taken into account, and the deposition of
the molecules on the surface is made at random. In addition,
there are no lateral interactions in the model that would cre-
ate a thermodynamic driving force towards the appearance of
domains having different reactant concentrations. Therefore,
in principle, the reactants can mix well, making the assump-
tions underlying PK theory more likely to be correct. Never-
theless, we find that the PK equations describe the kinetics
poorly. When used with the correct rate constants, PK fails to
find which reaction is dominant, gives poor results for the

TABLE V. N2�Ax ,By� is the average number of A-B pairs that are nearest neighbors with A in site x and B in
site y �A and B could be O or CO, and x and y could be the br or cus sites�. N1�Ax� is the average number of
A species at site x, and N is the total number of sites on the surface. If there are no correlations in the occupation
of the lattice sites, the values of N2 /N and 2N1N1 /N2 provided by kMC would be equal for each pair of species.
We also give the values of 1

2�� as obtained by PK, where �=N1 /Nx. Again, if PK �based on the mean-field
approximation and neglecting the detailed lattice structure� was correct, 1

2�� should be equal to 2N1N1 /N2. The
two sets of gas-phase conditions for which this analysis is performed correspond to the peak catalytic activity
in Figs. 4�b� and 5�b�: T=350 K, pCO=4�10−10 atm, and pO2

=1�10−10 atm and T=600 K, pCO=7 atm, and
pO2

=1 atm. We examine the reaction system after it reached a steady state.

T K COcus–Ocus CObr–Obr CObr–Ocus COcus–Obr

kMC 600 N2 /N 0.11 0.063 0.0023 0.68
kMC 600 2N1N1 /N2 0.10 0.028 0.0078 0.34
PK 600 1

2�� 0.024 0.10 0.019 0.13

kMC 350 N2 /N 0.010 0.0050 0.000001 0.42
kMC 350 2N1N1 /N2 0.035 0.0025 0.00020 0.23
PK 350 1

2�� 0.009 0.0002 0.000006 0.30

FIG. 7. �Color online� Snapshot of the steady-state surface population under
optimum catalytic conditions at 600 K �pO2

=1 atm and pCO=7 atm�. Shown
is a schematic top view of the simulation area of 20�20 surface sites, where
the substrate bridge sites are marked by gray stripes and the cus sites by
white stripes. Oxygen atoms are drawn as red circles and the adsorbed CO
molecules as blue circles.
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rates, and does not predict the best reaction conditions cor-
rectly. Moreover, when we use the PK equations to fit the
“data” provided by kMC, we obtain a good fit but poor rate
constants in one example, and a poor fit and poor rate con-
stants in the others. Moreover, the errors in PK are largest at
the pressures and temperatures most relevant to commercial
catalysts.

The PK theory assumes that the number of pairs
N2�Ax ,By� of molecules A and B, located next to each other
in the sites x and y, can be approximated by
2N1�Ax�N1�By� /N. The kMC simulations allow the determi-
nation of N2�Ax ,By�, N1�Ax�, and N1�By� at all times during
the reaction. By monitoring these quantities during a simu-
lation we find that N2�Ax ,By� differs from
2N1�Ax�N1�By� /N, which means that the right-hand side of
the rate equations �Eqs. �10�–�13�� is erroneous. This error
has a cumulative effect when the differential equations are
integrated and can lead to substantial errors in the TOF.

Replacing N2�Ax ,By� with 2N1�Ax�N1�By� /N is a typical
mean-field approximation. It neglects fluctuations in compo-
sition even though they are unavoidable �the number of near-
est neighbors of a specific species is not equal to the mean
number of neighbors�. In addition, some systems have a pro-
pensity to aggregate creating domains rich in A and domains
rich in B. This usually happens when the A-A interactions
and the B-B interactions exceed the A-B ones and when the
temperature is not very high. Finally, large differences in
binding energies can also lead to segregation on lattices with
different types of sites: for example, if O binds to the br sites
much more strongly than to the cus sites and if CO binds
weakly to the br sites, we expect to have an excess of O
atoms in the br sites rather than a random distribution of O
and CO.

The magnitudes of the binding energies and of the
adsorbate-adsorbate interaction energies affect the equilib-
rium properties of the system. However, in most kinetic stud-
ies the system is kept out of equilibrium. In our model this is
done by supplying O2 and CO to keep their partial pressure
constant and by removing CO2 from the surface. These con-
ditions counteract the natural tendency of the system to
evolve towards equilibrium and can be an additional source
of segregation. For example, oxygen accumulates in the br
sites because once adsorbed it is slow to desorb or to react
with CO, while CO disappears rapidly from the bridge sites
because its desorption is fast and so is the reaction CObr

+Ocus→CO2.
While we show that phenomenological kinetics has

shortcomings when used to describe catalytic reactions, it
might be useful when used with proper skepticism. If the
equations fit the data, they can be used in a reactor design as
long as one does not extrapolate them too far from the con-
ditions under which the data were taken. If the segregation of
the reactants is not dramatic, the PK equations may provide
some useful insights. For the model studied here they capture
the general form of the “kinetic phase diagram” and the fact
that the dependence of TOF on partial pressure has a sharp
peak. This knowledge is useful since it informs us that we
cannot decide that a catalyst �Ru in our case� performs
poorly if we have studied the kinetics only for a limited

number of partial pressures. Unfortunately, we have no a
priori criterion to decide which results of PK can be trusted.
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APPENDIX

The adsorption rate constants �ki’s� employed in the
model are given by

ki =
pAAs

�2�mAkBT
, i = 1,2, . . . ,5, �A1�

where As is the area of a site, and the desorption rate con-
stants are

k−i = ki exp	Ei + 	A

kBT

, i = 1,2, . . . ,5. �A2�

Here, i=1,2 , . . . ,5 labels the reaction, ki is the forward rate
constant, and k−i is the backward rate constant. A labels the
species �i.e., O2 or CO�, and pA, mA, and 	A are the partial
pressure, the mass, and the chemical potential, respectively,
of species A. The gas-phase chemical potential is calculated
by assuming that the gas is an ideal mixture and by making
the harmonic oscillator and rigid rotor approximations.56 Ei

are the energy barriers to desorption calculated by density-
functional theory.23

The reaction rates are calculated from

ki =
1

2

kBT

h
exp	− Ei

kBT

, i = 6,7,8,9. �A3�

Since the hopping rates leading to diffusion are not taken
into account in the PK equations, we do not give them here.
They can be found in Ref. 23.

The kMC rate constants have been calculated with Eqs.
�A1�–�A3� and using the activation energies given in Eqs.
�1�–�9�. In Table I we list the numerical values for the two
�T , p� conditions mainly discussed in the text.
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