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The accurate description of molecule-surface interactions requires a detailed knowledge of the
underlying potential-energy surface �PES�. Recently, neural networks �NNs� have been shown to be
an efficient technique to accurately interpolate the PES information provided for a set of molecular
configurations, e.g., by first-principles calculations. Here, we further develop this approach by
building the NN on a new type of symmetry functions, which allows to take the symmetry of the
surface exactly into account. The accuracy and efficiency of such symmetry-adapted NNs is
illustrated by the application to a six-dimensional PES describing the interaction of oxygen
molecules with the Al�111� surface. © 2007 American Institute of Physics.
�DOI: 10.1063/1.2746232�

I. INTRODUCTION

Molecule-surface interactions play a central role in many
technologically relevant processes such as heterogeneous ca-
talysis, semiconductor growth, and corrosion. A detailed in-
vestigation of the underlying elementary steps at an atomic
scale, e.g., physisorption, chemisorption, dissociation, diffu-
sion, and desorption, is crucial to gain the deeper understand-
ing needed to identify new catalysts, candidates for protec-
tive surface coatings, and chemically inert surfaces. A central
quantity in all these processes is the potential-energy surface
�PES�, which gives the potential energy of the system as a
function of the positions of the nuclei. First-principles calcu-
lations, and, in particular, density-functional theory �DFT�,
have become an important tool in providing accurate, often
quantitative information on PESs. Nevertheless, the compu-
tational demands connected with the calculation of every
single PES point for systems involving an extended solid
surface still impose severe constraints, e.g., limiting the
number and time span of “on-the-fly” ab initio molecular
dynamics �MD� trajectories to study the molecule-surface in-
teraction. Consequently, important physical quantities such
as sticking coefficients, which result from statistical averag-
ing and which thus require, e.g., a larger number of MD runs
to obtain converged results, are still hardly accessible in this
way.

A common approach to determine such quantities from
first-principles is to use a “divide and conquer” scheme,
which allows to speed up the calculation of the MD trajec-
tory by splitting the problem into three steps.1–3 First, the
multidimensional PES is mapped on a finite grid by calcu-
lating the energies for a number of configurations using an
accurate method such as DFT. In a second step these points
are interpolated to a continuous PES representation by an
appropriate method that allows to access the energy and the
forces several orders of magnitude faster than the original
DFT calculations. In the mentioned example of MD simula-
tions, the forces at any nuclear configuration can then be

obtained from the interpolated PES representation at low
computational cost, thereby permitting the calculation of a
sufficient number of MD trajectories.

Several approaches have been proposed for such inter-
polation schemes. In analytical fits2–5 a reasonable functional
form is “guessed” by physical intuition and the free param-
eters of this functional form are optimized to represent the
set of DFT energies as accurately as possible. If an appropri-
ate functional form can be found, this approach minimizes
the required first-principles input and avoids spurious, un-
physical features in the PES. On the other hand, with in-
creasing dimensionality of the PES, the construction of suit-
able functional forms becomes increasingly involved, and
the fixed functional form makes this approach also quite in-
flexible. First attempts to optimize the functional form itself
in the fitting process by applying a genetic programming
technique have hitherto only been reported for up to three-
dimensional PESs.6 An alternative to analytic fits is the
modified Shepard interpolation.7–9 In this method the poten-
tial close to a calculated DFT point is expanded as a second-
order Taylor series. The potential of a new configuration is
then constructed as a weighted sum over the Taylor expan-
sions with respect to the neighboring DFT points. The fitting
procedure can be further simplified by reducing the corruga-
tion of the PES.10–12 For PESs describing a molecule-surface
interaction this can, e.g., be achieved by subtracting sepa-
rately calculated PESs describing the interactions of the in-
dividual atoms of the molecule with the surface. Finally, we
also mention an approach to efficiently represent PESs by
parameterizing a tight-binding Hamiltonian.13 In principle,
this approach requires only a relatively small number of DFT
calculations in order to obtain accurate fits to high-
dimensional PESs. In practice, the scheme is, however, un-
fortunately hampered by the indirect and cumbersome tight-
binding parameterization procedure.

In recent years, neural networks14 �NNs� were success-
fully applied to fit PESs of small gas-phase molecules.15–22

Neural networks form a very general class of functions,23,24
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which in principle can approximate any function to arbitrary
accuracy without requiring any information about the under-
lying functional form of the problem. First applications to
the description of molecule-surface interactions have demon-
strated the capabilities of this approach,25–28 but were com-
plicated by technical difficulties in achieving a proper con-
sideration of the symmetry of the solid surface.27 The aim of
the present paper is therefore to overcome these limitations
by introducing a symmetry-adapted neural network represen-
tation of PESs for molecule-surface interactions, which is
based on a new type of symmetry functions that takes the
symmetry of the surface potential exactly into account. The
accuracy and efficiency of such a NN representation, in par-
ticular, for MD simulations, are demonstrated by studying
the interaction of oxygen with the Al�111� surface. For this,
we concentrate on the six-dimensional PES describing the
interaction with an O2 molecule constrained to its spin-triplet
state, which could recently be shown to be of crucial impor-
tance in understanding the low initial sticking coefficient re-
ported experimentally.29,30

II. NEURAL NETWORKS

Neural networks represent a very general fitting scheme
that in principle allows to approximate any function to arbi-
trary accuracy.23,24 No previous knowledge about the under-
lying functional form is required. Instead, a number of
known values of the function to be fitted is presented to the
NN in order to adapt a rather large number of parameters
using an optimization algorithm. Out of the many types of
neural networks, the class of multilayer feed-forward neural
networks14 has particularly proven to be a useful tool for the
representation of potential-energy surfaces.25,27

The general structure of such a multilayer feed-forward
neural network is shown schematically in Fig. 1. It consists

of an input layer, one or more hidden layers and an output
layer. In each layer there is a certain number of nodes. When
representing a PES by a NN, the relevant coordinates G� of
the system determining the potential are fed into the input
layer of the NN. In the most simple case of the one-
dimensional interaction potential of an isolated diatomic
molecule the bond length would, e.g., be an appropriate
choice as input coordinate. For molecules several bond
lengths and angles can be used as input, as has been shown
for the PESs of several small molecules.17,19 The node in the
output layer provides the target quantity, i.e., in the present
case the potential energy of the system.

In between the input and the output layers, there are one
or more hidden layers, each with a certain number of nodes.
The term “hidden layer” indicates that the numerical values
at the nodes of these layers have no physical meaning and
are just auxiliary mathematical quantities. Each node in each
layer is connected to the nodes in the adjacent layers by
so-called weights, the fitting parameters of the NN. As illus-
trated in Fig. 1, the weight parameter wij

k is connecting node
j in layer k with node i in layer k−1, where the input layer
has the superscript k=0. The value yj

k of node j in layer k is
obtained from the values yi

k−1 of all nodes i in the preceding
layer k−1 and from the connecting weights by

yj
k = fa

k�w0j
k + �

i

wij
k yi

k−1� , �1�

i.e., for each node the values of the nodes in the previous
layer are multiplied by the respective weights and added up
to yield a single number. On this number a sigmoidally
shaped nonlinear activation function fa

k is applied, which in-
troduces the capability to fit nonlinear functions. Frequently
employed functional forms are the hyperbolic tangent or
Fermi-type functions. For very large or very small arguments
the activation functions converge to a constant number, but
for a certain interval the output changes significantly in a
nonlinear way. In contrast, a linear activation function is of-
ten employed in the output layer to avoid a constraint on the
possible range of output values. Finally, there is a bias
weight connected to each node in the hidden layers and the
output layer, which acts as an adjustable offset to shift the
nonlinearity regime of the activation functions as needed to
obtain an optimal fit.

The full analytic form for the small model NN shown in
Fig. 1 is given by the expression

E��G�	� = fa
2�w01

2 + �
j=1

3

wj1
2 fa

1�w0j
1 + �

�=1

2

w�j
1 G��� . �2�

In general, each layer including input and output layers can
contain many more nodes than in the simple example shown
in Fig. 1, and also more than one hidden layer is typically
used. The number of layers and nodes determines the ana-
lytic form of the NN, and also analytic derivatives, i.e., the
forces, can be calculated. The overall NN architecture can
then be described following the scheme suggested in Ref. 28.
In this scheme, the NN in Fig. 1 is a �2−3−1 tl	 network,
where the first number indicates the number of nodes in the
input layer, the last number the number of nodes in the out-

FIG. 1. Schematic structure of a feed-forward NN. Two coordinates �G�	
defining the molecular configuration are provided to the NN in the nodes of
the input layer. The total energy E of the structure calculated by the NN is
given in the node of the output layer. Between the input and the output layer
there is a hidden layer with three nodes. All nodes are connected to the
nodes in the adjacent layers by weight parameters wij

k that are optimized by
fitting the output energies to a provided training set of known input energies,
e.g., from density-functional theory calculations. The bias node acts as an
adjustable offset for nonlinear activation functions applied at each node in
the hidden and the output layer �cf. text�.
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put layer, and the number�s� in between the number�s� of
nodes in the hidden layer�s�. The employed activation func-
tion in each layer is labeled as t, if a hyperbolic tangent is
applied, or as l for a linear function. In the present example,
a hyperbolic tangent is thus used in the hidden layer, and a
linear function in the output layer, hence tl.

In order to construct a continuous PES representation
from a number of known training energies �for example ob-
tained from DFT�, the weight parameters of the NN are op-
timized in an iterative way to reproduce these input energies
as accurately as possible. Initially the weights are chosen
randomly, and for each known configuration �i.e., point in
the PES landscape� the potential predicted by the NN is cal-
culated. Taking these values and the corresponding original
input energies, an error function can be constructed. This
error function is then minimized to optimize the weight pa-
rameters. In the applications discussed below, we found that
the resulting optimum fit to the PES was hardly affected by
the initial choice of weight parameters, with variations in the
remaining fitting errors of only a few percent. With the de-
termined optimum set of weight parameters, the NN consti-
tutes then the continuous PES representation, i.e., it can be
employed to predict the energy and forces at any point in the
PES landscape.

A priori it is not known which network architecture will
be best for a given fitting problem, and tests are necessary to
find the optimum number of hidden layers and nodes, as well
as the best activation functions for a given system. Too few
nodes in the hidden layers will typically result in underfit-
ting, i.e., important features of the PES will be erroneously
smoothed out. More nodes increase the flexibility of the NN,
but can lead to overfitting, i.e., artificial features appear in
the PES. In general, an advisable strategy seems therefore to
use the smallest possible NN that yields the desired accuracy.
In order to check on overfitting, one can split the full input
data set into a training set used to optimize the NN param-
eters, and a test data set, which is not employed in the fit.
The set of NN parameters that yields the lowest error for the
test set may then be interpreted as having the best predictive
power for unknown structures.

III. SYMMETRY-ADAPTED NEURAL NETWORKS

The intention of the present work is to employ NNs to
represent the PES describing the interaction of a molecule
approaching an extended single-crystal surface. Addressing
an important class of molecules, we will focus our discussion
on diatomic molecules, and employ furthermore the so-
called frozen-surface approximation. A possible generaliza-
tion of our approach is then discussed in Sec. V.

In the frozen-surface approximation, the substrate atoms
are assumed to be fixed to their positions pertinent to the
clean surface. The dimensionality of the problem is thereby
reduced to the degrees of freedom representing the imping-
ing molecule, i.e., six dimensions for the case of diatomic
molecules. Instead of the Cartesian coordinates �X1 ,Y1 ,Z1�
and �X2 ,Y2 ,Z2� of the two atoms, usually the center of mass
coordinates X, Y, and Z �where the x and y axes are parallel
to the surface, and the z axis points out of plane�, as well as

the molecular bond length r, the angle between the molecular
axis and the surface normal �, and the angle between the
projection of the molecular axis into the surface plane and
the positive x axis � are used to describe the molecular con-
figuration. These coordinates can be grouped into two
classes: the coordinates X, Y, �, and �, in which the potential
is periodic and which correspond to a molecular translation
along the surface �X ,Y� or to a mere rotation �� ,��, and the
“nonperiodic” coordinates Z and r.

Exploiting the lateral symmetry of the crystalline solid
surface it is sufficient to map the PES only for molecular
configurations inside the irreducible wedge of the surface
unit cell �cf. Fig. 2�, which significantly reduces the number
of required electronic structure calculations. For an applica-
tion of the PES to, e.g., MD simulations, however, it is re-
quired to have the PES information available for all possible
molecular configurations, i.e., outside the irreducible wedge
for which the potential has been calculated since the mol-
ecule can access in principle an infinite range of �X ,Y� val-
ues. The same holds for a continuing molecular rotation
about � and �. The NN potential thus has to provide the PES
for an infinite range of X, Y, �, and �, or at least the range
that is accessible in the time scale of the MD simulation.

A straightforward solution would be to expand the ener-
getic input data to a wider range of X, Y, �, and � coordi-
nates by suitably copying the data calculated for the irreduc-
ible wedge into neighboring wedges before the fit, and then
to train the NN to this extended data set. Such a procedure
would be necessarily very inefficient due to the increased
input data set size and the larger number of NN parameters
that would be required for its representation. Furthermore,
the NN fit is necessarily only an approximation to the under-
lying energetic data, and if parts of the PES, which are
equivalent by symmetry, are fitted independently, the sym-
metry is numerically broken. Consequently, molecular con-
figurations being equivalent for symmetry reasons could
have different NN energies if this procedure is applied.

A solution to this problem has been suggested by Lorenz
et al.27,28 The central idea is to include as much information

FIG. 2. Top view illustrating the symmetry of a fcc�111� surface. The irre-
ducible wedge of the surface unit cell �dark grey triangle� is spanned by the
top, fcc, and hcp sites. The dotted lines represent mirror planes and the white
triangles show the positions of threefold rotation axes perpendicular to the
surface. The first layer substrate atoms are shown as gray circles, and the
coordinate system illustrates the directions of the employed in-plane x and y
axes.
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as possible about the shape, i.e., the symmetry, of the PES
into the NN potential. This symmetry makes molecular con-
figurations energetically equivalent, despite their differing
actual values of X, Y, �, and �. Since a NN will necessarily
yield the same potential only for structures having the same
input parameters, it is thus desirable to replace the coordi-
nates X, Y, �, and � by a new set of coordinates, so-called
“symmetry functions,” which are identical for symmetry
equivalent configurations. These functions are used as input
for the NN instead of the molecular coordinates and thus
ensure that equivalent molecular configurations are assigned
the same energy by the NN. The symmetry functions are
therefore a structural finger print that includes the symmetry
of the surface. Alternatively, the symmetry functions can be
viewed as a backfolding of all molecular configurations into
the irreducible wedge of the surface, with some requirements
for the gradients which will be discussed below.

It is instructive to have a look at an example that can be
viewed as a very basic symmetry function. The PES of a free
diatomic molecule, i.e., without the presence of a surface, is
determined by the positions �X1 ,Y1 ,Z1� and �X2 ,Y2 ,Z2� of
the two atoms. In principle this is a six-dimensional PES. On
the other hand it is immediately obvious that the potential
only depends on the relative position of the two atoms, i.e.,
on the bond length. By transforming the six Cartesian coor-
dinates onto the bond length, the complexity of the PES is
reduced to one dimension and the potential expressed as a
function of r becomes independent of the actual values of
�X1 ,Y1 ,Z1� and �X2 ,Y2 ,Z2�. Whatever the angular orienta-
tion of the vector connecting the two atoms is, there will be
a one to one correspondence between the bond length and
the potential. Our aim is to generalize this procedure to the
much more complex case of molecule-surface interactions
and to find a set of symmetry functions that is independent of
the actual absolute values of X, Y, �, and �.

In summary, the problem of assigning energies to mo-
lecular configurations is separated into two steps. In the first
step the molecular coordinates are mapped on the “symmetry
functions,” which describe the symmetry of the surface, and
thereby the symmetry of the PES. The resulting symmetry
function values replace the original molecular coordinates as
input for the NN, and in a second step the energies are as-
signed to the symmetry function values by the NN. In total
we thus have an indirect mapping of the energies onto the
original molecular coordinates. The construction of these
symmetry functions is similar to the construction of the func-
tional form in an analytic fit.2 Yet, the function values do not
need to yield the total energy of the system, but only its
symmetry in form of a set of function values.

Unfortunately, the hitherto proposed symmetry functions
for molecule-surface interactions are valid only for a given
system and are difficult to construct even for simple low-
dimensional PESs, because they have to describe correctly
the complex interdependence of all “periodic” coordinates X,
Y, �, and �.27,28,32 Such functions have correspondingly
mostly been constructed using physical intuition, which can
easily lead to artificial or missing symmetries. Since this can
have severe consequences on the represented PES topology,
and thereby on molecular trajectories in MD simulations run

on the NN interpolated PES, the present work aims to im-
prove on this situation by developing a more general scheme
to construct symmetry functions, which include the full sym-
metry of a given system and are free of spurious symmetries
not present in the true molecule-surface interaction.

A. Interaction of an atom with a fcc„111… surface

We begin developing our concept by looking at the sym-
metry of the interaction of an atom with a fcc�111� surface. A
schematic top view explaining the irreducible wedge of the
surface unit cell is shown in Fig. 2. The position of the atom
over the surface is uniquely defined by its three Cartesian
coordinates X, Y, and Z, where X and Y are in the surface
plane, as indicated in Fig. 2. The lateral symmetry of the
surface could be considered in a straightforward manner by
replacing these coordinates with the distances dtop, dfcc, and
dhcp of the atom to the closest top, fcc, and hcp surface sites,
i.e., the edges of the irreducible wedge of the surface unit
cell. If in a MD simulation an atom crosses the border of the
symmetry unique wedge of the surface, the closest reference
surface sites change and the set of �dtop ,dfcc ,dhcp	 values
naturally incorporates the symmetry, as shown in Fig. 3 for
an atomic motion from a top site via a bridge site to a neigh-
boring top site. Nevertheless, although describing the period-
icity of the surface correctly, the set �dtop ,dfcc ,dhcp	 is not an
appropriate choice for the symmetry functions to fit the total
energy of the system, since in MD simulations also the de-
rivatives of the energy with respect to the atomic coordi-
nates, i.e., the forces, are required. As can be seen in Fig. 3
for the sample atomic motion, dtop shows a discontinuity in
its derivative at the wedge boundary originating from the
switch to another reference top site, and consequently this
discontinuity is also present in the forces.

We solve this problem of discontinuities in the deriva-
tives by replacing the atomic distances by Fourier terms cen-
tered at the high-symmetry sites, which describe the position
of the atom in a unique way as well. For a fcc�111� surface,
these atomic Fourier terms are

FIG. 3. Values of the atomic distances dtop, dfcc, and dhcp of an atom moving
along the x axis from the top site along the bridge site to a neighbored top
site, cf. Fig. 2. At the bridge site dtop shows a discontinuity in the derivative,
which is not present in the atomic Fourier terms f top, f fcc, and fhcp in Eqs.
�3�–�5�.
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f top = 
cos�2�

a
��X − Xt� +

1
�3

�Y − Yt���
+ cos� 4�

a�3
�Y − Yt��

+ cos�2�

a
��X − Xt� −

1
�3

�Y − Yt����exp�−
1

2
Z� , �3�

f fcc = 
cos�2�

a
��X − Xf� +

1
�3

�Y − Y f���
+ cos� 4�

a�3
�Y − Y f��

+ cos�2�

a
��X − Xf� −

1
�3

�Y − Y f����exp�−
1

2
Z� , �4�

fhcp = 
cos�2�

a
��X − Xh� +

1
�3

�Y − Yh���
+ cos� 4�

a�3
�Y − Yh��

+ cos�2�

a
��X − Xh� −

1
�3

�Y − Yh����exp�−
1

2
Z� , �5�

where the positions of the top, fcc, and hcp sites are given by
�Xt ,Yt�, �Xf ,Y f�, and �Xh ,Yh�, respectively, and a is the lat-
tice constant of the surface unit cell. The exponential term
exp�−�1/2�Z� takes the dependence on the vertical distance Z
to the surface into account, and ensures, in particular, that for
a large atom-surface distance the function values and there-
fore also the fitted energy should become independent of the
actual values of X and Y. The Fourier terms are compared to
the simple distance terms in Fig. 3. They have continuous
derivatives, which demonstrate that this function set is now a
suitable choice for fitting the PES of an atom interacting with
a fcc�111� surface, while naturally including the full symme-
try of the surface. This is also directly apparent from the full
lateral periodicity of the functions f top, f fcc, and fhcp that are
plotted in Fig. 4.

B. Interaction of a diatomic molecule with a fcc„111…
surface

It is intuitive to generalize the concept of Fourier term
based symmetry functions to molecules by building on the
Fourier terms for each constituent atom � of the molecule.
For a diatomic molecule, the positions of both atoms can
then, e.g., be described by Fourier terms such as

f top � = 
C1 − cos�2�

a
��X� − Xt� +

1
�3

�Y� − Yt���
− cos� 4�

a�3
�Y� − Yt��

− cos�2�

a
��X� − Xt� −

1
�3

�Y� − Yt��� + Z�
2�e−�1/2�Z,

�6�

f fcc� = 
C1 − cos�2�

a
��X� − Xf� +

1
�3

�Y� − Y f���
− cos� 4�

a�3
�Y� − Y f��

− cos�2�

a
��X� − Xf� −

1
�3

�Y� − Y f��� + Z�
2�e−�1/2�Z,

�7�

fhcp� = 
C1 − cos�2�

a
��X� − Xh� +

1
�3

�Y� − Yh���
− cos� 4�

a�3
�Y� − Yh��

− cos�2�

a
��X� − Xh� −

1
�3

�Y� − Yh��� + Z�
2�e−�1/2�Z,

�8�

which are functions of the Cartesian coordinates of the two
atoms �X1 ,Y1 ,Z1� ��=1� and �X2 ,Y2 ,Z2� ��=2�. Apart from
the constant C1 to which we return below, the only modifi-
cation compared to the atomic terms in Eqs. �3�–�5�, is the
explicit addition of the terms Z1

2 and Z2
2 to the respective

Fourier terms of atoms 1 and 2. This is necessary, because
the multiplication by the exponential term exp�−�1/2�Z� de-
pending only on the center-of-mass distance of the molecule
from the surface is not sufficient to distinguish different
separations Z1 and Z2 of both atoms from the surface. This is
resolved by the explicit heights Z1 and Z2, and Eqs. �6�–�8�
then describe the positions of both atoms with respect to the
top, fcc, and hcp sites uniquely.

What is still not defined, however, is the relative position
of both atoms to each other, since we obtain the same sym-
metry function values no matter in which wedge at the sur-
face, i.e., at which distance from each other, the two atoms
are located. This can be remedied by adding a further sym-
metry function to the set, which is simply given by the dis-

FIG. 4. �Color� Fourier terms for the interaction of an atom with a fcc�111�
surface. In �a� the top term f top, in �b� the fcc term f fcc, and in �c� the hcp
term fhcp, defined in Eqs. �3�–�5� respectively, are shown as functions of x
and y in units of the lattice constant a. In all three figures the white circles
represent the position of the first layer substrate atoms.
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tance r between both atoms of the molecule. The final set of
symmetry functions for a heteronuclear diatomic molecule is
thus

G�,1 = f top1, �9a�

G�,2 = f fcc1, �9b�

G�,3 = fhcp1, �9c�

G�,4 = f top2, �9d�

G�,5 = f fcc2, �9e�

G�,6 = fhcp2, �9f�

G�,7 = r . �9g�

C. Incorporation of internal molecular symmetries

The symmetry functions defined up to now allow to fully
take the symmetry of the solid surface into account, but do
not exploit possibly existing symmetries of the molecule it-
self. For diatomic molecules this would be the case for
homonuclear molecules such as O2, where an interchange of
both atoms should not change the symmetry function values
and therewith the input and output of the NN. Considering
this additional symmetry explicitly in the NN parameteriza-
tion is obviously desirable. Similar to the consideration of
the surface symmetries, it may even be mandatory from a
numerical point of view to avoid artificial symmetry break-
ing and noise in the fitted total energies and forces.

Within the concept of Fourier term based symmetry
functions, such internal molecular symmetries may be ac-
counted for by suitably combining the atomic Fourier terms
discussed up to now. For this, it may be convenient to avoid
negative function values, and this is the reason why the ar-
bitrary constant C1 has been added to the symmetry func-
tions in Eqs. �6�–�8�. In general, such a constant can be
added at will, without changing anything in the symmetry
properties of the Fourier term. For a heteronuclear diatomic
molecule adding or not adding this constant makes no differ-
ence, and one would simply choose C1=0. However, if one
wants to avoid negative function values, a sufficiently posi-
tive value for this constant may equally well be chosen.

For the example of a homonuclear diatomic molecule,
the additional symmetry with respect to exchange of the two
atoms can then, e.g., be incorporated by symmetrizing and
antisymmetrizing the Fourier terms of both atoms for each
surface site yielding the new set of symmetry functions

G1 = �f top1 + f top2�2, �10a�

G2 = �f top1 − f top2�2, �10b�

G3 = �f fcc1 + f fcc2�2, �10c�

G4 = �f fcc1 − f fcc2�2, �10d�

G5 = �fhcp1 + fhcp2�2, �10e�

G6 = �fhcp1 − fhcp2�2 �10f�

G7 = r . �10g�

These symmetrized and antisymmetrized atomic Fourier
terms form “molecular” Fourier terms and still contain all
structural information. They are plotted in Fig. 5 as a func-
tion of the center-of-mass coordinates X and Y for fixed val-
ues of r, Z, �, and �, exhibiting the correct lateral periodici-
ties of the solid surface.

The proper dependence on the angular orientation of the
molecule is illustrated in Fig. 6. Here, the symmetry function
values are plotted for a molecule rotating about �, i.e., for
fixed coordinates X, Y, Z, �, and r. In Fig. 6�a� the molecule
is oriented parallel to the surface above an fcc site. A rotation
by 60° transfers the molecule into an energetically equivalent
configuration. This is reflected in the set of symmetry func-
tion values, which exhibit a periodicity of 60°. If the mol-
ecule is not parallel, but tilted with respect to the surface, the
symmetry is reduced from sixfold to threefold. This is exem-
plified in Fig. 6�b� for �=30°, and the symmetry functions
are able to describe this complex interdependence between
the two angles � and � correctly. Equivalent performance of
the symmetry functions is found for other high-symmetry
sites at the surface, namely, the top and hcp sites. Equally
important, the reduced symmetry at other sites is also prop-
erly taken into account, as shown in Fig. 6�c� for a molecule
at a bridge site and tilted by �=30°. The symmetry of the
remaining mirror plane at the bridge site is reflected in the
set of symmetry function values by the symmetry at �
=90° and �=270°. Due to the inequivalence of the hcp and
fcc sites at the fcc�111� surface, there is no symmetry with
respect to �=0° and �=180° at the bridge site. Finally,

FIG. 5. �Color� Plot of the six symmetrized and anti-symmetrized Fourier
terms of Eq. �10� as a function of the X and Y center of mass coordinates of
the molecule in units of the in-plane lattice constant a. The positions of the
top layer surface atoms are marked by the white circles. In all plots the
molecule has a distance of 2.1 Å from the surface, a bond length of 1.3 Å,
and an angular orientation of �=90° and �=30°. The absolute function
values have no meaning, only the correct symmetry is required.
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Fig. 6�d� demonstrates the capability of the symmetry func-
tions for a low symmetry site at the surface, namely, for a
molecule located at Y =0.5 and Y = �1/24��3. Here, the set of
symmetry functions is different for each value of � because
of the absence of symmetry elements at this site.

D. Adding redundant symmetry functions

For diatomic molecules, the derived set of seven sym-
metry functions �either G�,1–G�,7 for heteronuclear mol-
ecules or G1–G7 for homonuclear molecules� contains al-
ready exhaustive information on the molecular configuration.
However, adding further �redundant� symmetry functions
may nevertheless improve the numerical accuracy of the fit.
For this it is important to realize that the molecular coordi-
nates are always only mapped onto the symmetry functions,
which in turn provide the input for the NN. There is no need
to ever invert this procedure, i.e., to reconstruct the coordi-
nates of each atom in the molecule that correspond to a given
set of symmetry function values. For the case of a diatomic
molecule, the six atomic coordinates may therefore be
mapped onto an arbitrarily large set of symmetry functions,
if this only helps to achieve a good NN fit to the PES. On the
other hand, one also has to recognize that the construction of
such redundant symmetry functions is necessarily system
specific, and the benefit of including them in the set in terms
of lowering the fitting error can only be assessed by trial and
error.

To provide an example for such redundant symmetry
functions, we will discuss below in the application to
the dissociation of O2 at Al�111� that we found it useful to
include a term depending only on the molecule-surface
separation,

G8 = e−Z/2, �11�

as well as three Fourier terms depending on the center of
mass of the molecule in the same way as the atomic terms in
Eqs. �3�–�5�.

G9 = 
cos�2�

a
��X − Xt� +

1
�3

�Y − Yt���
+ cos� 4�

a�3
�Y − Yt��

+ cos�2�

a
��X − Xt� −

1
�3

�Y − Yt����exp�−
1

2
Z� , �12�

G10 = 
cos�2�

a
��X − Xf� +

1
�3

�Y − Y f���
+ cos� 4�

a�3
�Y − Y f��

+ cos�2�

a
��X − Xf� −

1
�3

�Y − Y f����exp�−
1

2
Z� ,

�13�

G11 = 
cos�2�

a
��X − Xh� +

1
�3

�Y − Yh���
+ cos� 4�

a�3
�Y − Yh��

+ cos�2�

a
��X − Xh� −

1
�3

�Y − Yh����exp�−
1

2
Z� .

�14�

FIG. 6. �Color online� Values of the symmetry functions G1–G6 as defined in Eq. �10� for a molecular rotation about � from 0° to 360°, with � being the
angle between the positive x axis and the projection of the molecular axis into the xy plane. The insets show top views of the molecule above the surface,
illustrating the lateral position and angular orientation. In �a� the molecule is parallel to the surface ��=90° � above a fcc site. In �b� the molecule is in a fcc
site with an angle of �=30° to the surface normal. In �c� the molecule is above a bridge site with �=30°. In �d� the molecule is located at a low symmetry
site �X=0.5a and Y = = �1/24��3a� with �=30°. For plotting, the function values have been rescaled and shifted since the absolute values have no meaning.
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These terms do not break the symmetry of the functions
G1–G7 �or G�,1–G�,7� and are motivated by the fact that for
a small almost spherical diatomic molecule the center of
mass position will have a pronounced influence on the en-
ergy expression. Accordingly, although Eqs. �12�–�14� con-
tain redundant information, this does not complicate the fit,
but instead “assists” the NN in extracting the energetically
relevant structural information.

E. Calculation of forces

In order to perform molecular dynamics simulations the
forces acting on the atoms are required. The force F� acting
in the direction of the molecular coordinate � can be ob-
tained analytically from the neural network by

F� = −
�E

��
= − �

�

�E

�G� ·
�G�

��
. �15�

The derivative of the total energy with respect to the sym-
metry functions, i.e., the input of the NN, is determined by
the network structure. The derivative of the symmetry func-
tions with respect to the molecular coordinates is given by
the definitions of the symmetry functions, which thus need to
have continuous derivatives. Both can be evaluated analyti-
cally, and using these analytic derivatives it is guaranteed
that the forces are consistent with the energies, and in par-
ticular, that the forces are zero at local minima of the
potential-energy surface. We found that the forces obtained
from the neural network are much more precise with respect
to the symmetry of the problem than forces directly obtained
from DFT, since in the latter case even in highly converged
calculations the symmetry of the forces is often broken by
numerical noise.

IV. APPLICATION TO O2 DISSOCIATION AT Al„111…

We illustrate the use of the developed symmetry func-
tions in the application to the O2 dissociation at an Al�111�
surface. Here, the six-dimensional PES representing the in-
teraction of an O2 molecule constrained to its spin-triplet
state has been of particular interest to explain the experimen-
tally measured low sticking coefficient. For further details on
the physics of this system, we refer to Refs. 29 and 30. Here
this particular PES is simply taken as an example to illustrate
the NN interpolation scheme.

A. Mapping of the six-dimensional PES

As input data to the NN, the six-dimensional PES has
been mapped using density-functional theory as imple-
mented in the DMOL3 code33,34 and employing the RPBE
functional35 to describe electronic exchange and correlation.
The Kohn-Sham orbitals are expanded in a basis of numeri-
cal atomic orbitals and polarization functions,33 and the spa-
tial extent of the orbitals is confined by a cutoff of 9 bohrs. A
mesh of �3�3�1� k points has been used to sample the
Brillouin zone of a �3�3� supercell with seven aluminium
layers. A Fermi broadening of 0.1 eV has been applied to
improve convergence and the energy was subsequently ex-
trapolated to 0 K. The spin triplet on the oxygen molecule is

enforced by employing a locally constrained DFT approach
described in detail in Refs. 29 and 36. A total of 3768 DFT
data points has been calculated, mostly contained in 38 dif-
ferent, so-called “elbow-plots,” which give the PES as a
function of the molecular bond length r and distance to sur-
face Z for fixed molecular orientation and surface site. The
energy zero for the PES has been defined for an infinitely
large molecule-surface separation, i.e., as the sum of the total
energy of the clean Al�111� surface and a free O2 molecule at
its equilibrium bond length.

A detailed account of the DFT calculations and selection
of the data points can be found in Ref. 37. Here, we only
mention one aspect that was found to be of importance for
the NN fit. For small molecular bond lengths and small
molecule-surface separations the potential becomes highly
repulsive. This steep rise in the energy �and consequently
larger energy range to be fitted� caused problems to the
achieved accuracy of the NN fit. However, these high-energy
regions are not accessible in MD simulations which typically
focus on a maximum molecular kinetic energy of 1 eV, and
consequently a highly accurate mapping of these parts of the
PES is not required. We thus applied a cutoff function to
constrain the highest potential energies to an energy thresh-
old of Et=5 eV using

E = E for E � Et − 	E

Et − exp�Et − 	E − E� for E 
 Et − 	E ,
� �16�

where 	E has been set to 1 eV. The potential energies up to
+4 eV are thereby unmodified, while only the higher ener-
gies are quenched to approach Et asymptotically. Constrain-
ing the highest energy of the PES in this way reduces the
energy range to be fitted, and was found to yield more accu-
rate NN fits in the remaining �relevant� energy range.

B. NN optimization procedure

From the total of 3768 DFT energy points, 96 randomly
chosen points were used as independent test set not included
in the NN optimization procedure. Different “fitting weights”
�not to be confused with the weight parameters wij

k connect-
ing the NN nodes� were assigned to the remaining DFT data
points used to train the NN. The motivation for this was the
requirement that the PES representation needs to be most
accurate for the low-energy regions along the minimum en-
ergy paths. DFT data points corresponding to these regions
were thus emphasized in the fit by higher fitting weights, so
as to enforce a most accurate reproduction by the optimized
NN. After several tests, the fitting weights compiled in Table
I were chosen for the NN optimization.

In order to demonstrate the role of the symmetry func-
tions, we proceed in two steps. First, fits using only functions
G1–G7 are constructed, which already contain all relevant
structural information. In the next step fits using all 11 sym-
metry functions G1–G11 are constructed and the effect of the
additional, redundant functions on the numerical accuracy of
the results is investigated. Two aspects of the resulting PES
representations are of interest: First, the PES should be quali-
tatively correct, i.e., all symmetry features of the system
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must be present. Second, the quantitative accuracy of the
energies should also be as close as possible to the underlying
DFT data.

All in all 64 different NN architectures with varying
numbers of hidden layers and nodes per layer have been
tested. The best fit was obtained using two hidden layers
with 40 nodes per layer, the hyperbolic tangent as activation
function in the hidden layers and a linear activation function
in the output layer. Using symmetry functions G1–G7 only,
i.e., the minimum structural information, the root mean
square errors �RMSEs� of the training and the test sets are
0.472 and 0.329 eV. The mean average deviations �MADs�
are 0.166 and 0.196 eV. Due to the higher fitting weights
assigned to the low-energy points �cf. Table I� the accuracy
of the fit is much better for these DFT data points, which
represent the most important PES regions for the MD appli-
cations. The MAD for the points with E�1.0 eV is only

0.070 eV and the points along the entrance channel having
the O2 equilibrium bond length of r=1.22 Å have a particu-
larly small error of only 0.019 eV, which is very important
for an accurate description of steering effects acting on slow
molecules approaching the surface.

Employing all symmetry functions G1–G11 the RMSE
of the full training and the test sets are reduced by one order
of magnitude, to 0.049 and 0.070 eV, respectively. The
MADs are 0.023 and 0.033 eV. This indicates that including
the functions describing the center of mass of the O2 mol-
ecule strongly supports the fitting process for the nearly
spherical O2 molecule. The fitting error for the important
low-energy points with E�1.0 eV is now reduced to
0.012 eV, and the points along the entrance channel having
the O2 equilibrium bond length of r=1.22 Å have a very
small error of only 1.4 meV. This excellent overall reproduc-
tion of the PES by the optimized NN can also be seen by the
three sample elbow plots shown in Fig. 7. However, the in-
spection of two-dimensional cuts through the six-
dimensional PES is not sufficient to ensure an accurate rep-
resentation of the PES in all dimensions. We therefore
confirmed the accuracy of the NN PES by comparing several
MD trajectories run on the NN PES with corresponding di-
rect on-the-fly ab initio MD trajectories. After 0.2 ps, which
is about the time required by a molecule with a translational
kinetic energy of 0.15 eV starting at Z=5 Å to approach the
barrier region at Z=2.5 Å, the positions in the NN PES MD
and on-the-fly ab initio MD differed in all cases by less than
0.1 Å.

Apart from this quantitative assessment of the fitting ac-

TABLE I. Set of fitting weights assigned to the DFT data points used in the
NN optimization. The large weights enforce a proper reproduction of the
most relevant regions of the PES close to the minimum energy paths, which
are characterized by low energies or bond lengths around the optimized free
O2 bond length for large surface separations.

Characterization of data points Weight

E�1 eV 2.0
r=1.224 Å∧ �2.8 Å�Z�4.8 Å� 1000.0
r=1.224 Å∧Z
4.8 Å 5000.0
�1.21 Å�r�1.49 Å�∧ �1.5 Å�Z�2.6 Å�∧ �−1.0 eV
�E� +1.0 eV�

11.0

r=1.3 Å∧Z=2.1 Å 1067.0

FIG. 7. �Color� Two-dimensional cuts �“elbow plots”� through the six-dimensional spin-triplet potential-energy surface for the oxygen dissociation at the
Al�111� surface. The energy is shown as a function of the center-of-mass distance of the molecule from the surface Z and the O2 bond length r. In �a�, �b�,
and �c� the elbow plots as obtained with DFT �white data points� and splined within the two dimensions are shown for the three different molecular
orientations described in the insets. In �d�, �e�, and �f� the corresponding elbow plots obtained from the optimized NN potential are shown. Contour lines
indicate energy differences of 0.2 eV.
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curacy, the central aim of the present work is to provide a
scheme to construct NN potentials with the correct symmetry
properties. In Fig. 8 the potential obtained using functions
G1–G11 is plotted for the molecular rotations described in
Fig. 6. Clearly, the potential exhibits the correct symmetry
properties of the different surface sites.

V. DISCUSSION

The excellent representation achieved in the model case
O2/Al�111� demonstrates that the proposed symmetry-
adapted NNs are very well capable of accurately interpolat-
ing a given set of input PES data points. We acknowledge
that mapping the molecular coordinates on slightly involved
symmetry functions, as well as evaluating the NN output and
its derivative on the fly in a MD simulation is computation-
ally slightly more demanding than employing simple analyti-
cal potentials. Nevertheless, evaluation of the NN PES is still
about five to six orders of magnitude faster than direct DFT-
based MD simulations, and is less susceptible to PES repre-
sentation errors than the less flexible analytical potentials.

A clear disadvantage of the present NN interpolation
scheme is that consideration of further degrees of freedom
requires a completely new NN optimization. Whereas it is,
for example, straightforward to consider substrate motion in
on-the-fly ab initio MD simulations, this requires a mapping
and interpolation of a correspondingly higher dimensional
PES in the NN scheme. One of us is presently developing a
new NN approach to this problem,38 but the limited dimen-
sionality that can be well treated and the ensuing limitation
to the frozen-surface approximation are certainly the biggest
drawbacks of the NN scheme as presented here. In this re-
spect, it is only a weak justification, that consideration of
only the molecular degrees of freedom has proven to be a
valid approximation for a number of adsorbate systems.

With this in mind, the systematic construction of sym-
metry functions based on atomic Fourier terms does improve
on present NN schemes and replaces the cumbersome em-
pirical construction of complex symmetry functions depend-
ing simultaneously on many degrees of freedom. The correct
choice of symmetry functions is essential for an accurate
representation of the PES. Inaccurate symmetry functions

can treat inequivalent configurations as equivalent, possibly
facing the NN with the task to fit two different input energies
to “nominally” the same structure. Such contradictions typi-
cally give rise to bad fits. Vice versa, truly equivalent struc-
tures should also yield the same set of symmetry function
values, since only then the symmetry of the surface is exactly
included in the PES representation �and in the forces�, and a
numerical symmetry breaking affecting the MD trajectories
is impossible. Both requirements are met by the current ap-
proach. It is also important to repeat that the mapping of the
coordinates is always done only in one direction: From the
six molecular coordinates to the 11 symmetry functions for
the training of the NN, as well as for the prediction of ener-
gies and forces of new structures. It is not necessary to re-
construct the original set of coordinates from the set of sym-
metry function values �G�	, which also allows us to use
rather complicated symmetry functions that are hard to
invert.

An application of the here described Fourier method to
other surface unit-cell shapes and sizes, i.e., other single-
crystal surfaces, should in most cases be straightforward. For
square surface unit cells, e.g., at fcc�100� surfaces, the cen-
ters of three atomic Fourier terms can, e.g., be placed at the
top, bridge, and hollow site to span the symmetry unique
wedge of the surface. Also larger surface supercells may
readily be used, e.g., in the presence of preadsorbed atoms or
surface reconstructions, if the symmetry unique wedge of the
surface is chosen accordingly. Finally, in principle it is also
possible to describe the simultaneous interaction of two or
more diatomic molecules with the surface. In this case a set
of symmetry functions is constructed for each of the two
molecules and augmented by terms describing the relative
position of the molecules. However, in this case, as well as in
the case of polyatomic molecules, the configuration space,
i.e., the dimensionality of the problem, is strongly increased
making a systematic mapping of the PES more costly. This is
particularly consequential, since it cannot be overstressed
that NNs are not able to extrapolate the energies of structures
outside the configuration spanned by the input data set. A
systematic mapping of the entire PES range of interest as
done in the O2/Al�111� model case is thus a prerequisite for
the presented approach.

VI. SUMMARY

We have presented a symmetry-adapted neural network
representation of potential-energy surfaces for molecule-
surface interactions. The method builds on symmetry func-
tions, which fully take the symmetry of the surface into ac-
count. Instead of the molecular coordinates, the values of
these symmetry functions are used as input for the neural
network. The symmetry functions are constructed in a sys-
tematic way from atomic Fourier terms and the construction
recipe should be readily applicable to a wide range of surface
unit-cell sizes and shapes. The accuracy of the method has
been demonstrated by interpolating the six-dimensional
potential-energy surface of an oxygen molecule in the spin-
triplet state interacting with the Al�111� surface.

FIG. 8. �Color online� Symmetry of the NN potential energy for a molecular
rotation about � at different surface sites corresponding to the plots of the
symmetry functions in Fig. 6. The molecule above the fcc site with �=90°
shows a sixfold symmetry like the set of symmetry function values in Fig.
6�a�. For �=30° a threefold symmetry is present like in Fig. 6�b�, while
above the bridge site there is the symmetry of Fig. 6�c�. At the off-symmetry
site there is no symmetry like in Fig. 6�d�.
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