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Abstract

Hohenberg and Kohn proved the existence and uniqueness of a functional of the
electron density, whose minimization yields the ground-state density n(r) of a bound
system of N interacting electrons in some external potential v(r). The exact expres-
sion of the universal density functional is however elusive. In this chapter, I describe
the several attempts made for designing an approximation to the density functional
that gave accurate results for “real materials” (molecules, clusters, and extended
materials). All discussed approximations originate from the Kohn-Sham approach, a
particular (but almost universally adopted) formulation of the density-functional the-
ory, in which the variational problem of the N interacting electrons is recast into a set
of N one-particle equations where each electron acts in the mean field generated by
all the other electrons.

1 Introduction

Density-functional theory provides the exact ground state density (n(r)) and wave
function for a system of N electrons under a given external potential (e.g. as given
by positively charged nuclei, in a given configuration). This is possible thanks to the
universal functional, whose existence and uniqueness was demonstrated by Hohen-
berg and Kohn [1]. Unfortunately, although Levi [2] and Lieb [3] showed a formal
way to construct the universal functional, as of today we do not know its analytic
expression (see chapter by Delle Site for a detailed formal introduction of DFT). This
limitation did not stop the immense success and diffusion of the theory, due to the
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fact that Kohn and Sham [4] were able to recast the variational problem of the N
interacting electrons into a set of N one-particle equations, where each electron acts
in the mean field generated by all the other electrons. This is not the only way to
tackle the DFT problem, but by far the most followed one (see chapters by Trickey
and by Delle Site for alternative approaches). With the Kohn-Sham formulation, the
kinetic energy functional (of non-interacting particles) becomes trivial and the focus
is shifted to the exchange and correlation (xc) functional (Exc [n(r)]), which in turn is
universal, but unknown. Several chapters in this book deal with the Kohn-Sham (KS)
formulation of DFT, in particular for computational implementations and applications
see the chapters of Tzanov and Tuckerman, Watermann et al., and von Lilienfeld.
In this chapter I will review the most successful approximate xc functional that were
proposed since the introduction of KS-DFT, highlighting strong and weak points of
each of them.

Knowing and predicting properties of materials in their geometric global minimum
at a given composition is not enough for knowing how they behave in realistic condi-
tions. Among the “realistic conditions”, the most important is temperature. Prediction
of the behavior of a system at positive temperature requires the appropriate sam-
pling of the canonical ensemble. Besides temperature, a real material on Earth is
necessarily exposed to the effect of (possibly humid) air or other artificial mixtures of
reactive gases, which will modify its surfaces from the global minimum (correspond-
ing to ultra-high vacuum conditions, at low temperature).

In the last two sections, I summarize how accurate and affordable DFT calcula-
tions can be performed in order to predict the behavior of materials at the mentioned
realistic conditions.

2 Successes and Failures of Local and Semilocal Functionals

The historically first and simplest approximation for Exc [n(r)] is the so-called local-
density approximation (LDA),

ELDA
xc ≡

∫
exc (n(r))n(r)dr (1)

where exc(n) is the exchange-correlation energy per particle of a uniform electron
gas of density n [4]. It is expressed as the sum of an exchange and correlation part.
The former (in atomic units) is elementary: ex =−0.458/rs where the Wigner-Seitz
radius (rs) is the radius of a sphere containing one electron (n−1 = 4π/3r3

s ). The
correlation part was first estimated by E. P. Wigner [5]: ec(n) = −0.44/(rs + 7.8).
Later, analytic expressions at high and at low density (corresponding to infinitely
weak and strong correlations) were derived, and in the intermediate regime highly
accurate values were evaluated via Monte Carlo sampling [6].

LDA, albeit exact by construction for a uniform electron gas, was expected to be
useful only for densities varying slowly on the scales of the local Fermi wavelength
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and Thomas-Fermi wavelength. In atomic systems these conditions are rarely well
satisfied and very often seriously violated. Nevertheless the LDA has been found
to give extremely useful results for most applications. This has been at least partly
rationalized by the observation that the LDA satisfies a sum rule which expresses
the normalization of the exchange-correlation hole: Given that an electron is at r, the
conditional electron density n(r;r′) of the other electrons is depleted near r, in com-
parison with the average density, by the hole distribution nh(r′;r) which integrates to
unity.

LDA’s error for the exchange energy [7] is typically of the order of 10%, while
the correlation energy (normally much smaller) is in general overestimated by up to
a factor of two. Thus, the two errors are typically found to partially cancel. Practice
has shown that the LDA gives ionization energies of atoms, dissociation energies
of molecules and cohesive energies of solids with an accuracy of typically 10%−
20%. Nonetheless, bond lengths and thus the geometries of molecules and solids
predicted by the LDA are typically with a remarkable (and somewhat unexpected)
accuracy of 1%.

A new level of complexity for deriving approximate xc functionals is the so called
Generalized-gradient approximation (GGA) to the xc functional [9], where the xc en-
ergy also depends on the density gradient at a given point. Differently from LDA,
a xc functional constructed within the GGA is not unique. Successful, hence popu-
lar, examples of GGA functionals are the Perdew-Burke-Ernzerhof (PBE) [10] and
revised PBE, revPBE [11], which are fit to the exact exchange energy of rare-gas
atoms. GGA functionals partially correct the LDA for inhomogeneous electron den-
sities. Molecular atomization energies are significantly improved. With PBE, lattice
constants of solids are (typically) overestimated within 2% from experiment. It under-
estimates solid cohesive energies and bulk moduli by 10%−20%. For molecules, the
underestimation of intermolecular interaction energies is more severe (60%). GGA
functional do not mend the self-interaction error.

An outstanding failure of LDA and GGA xc functionals has been their inability
to provide good estimates of the fundamental gaps of semiconductors and insula-
tors, a crucial quantity for much materials research, such as impurity levels in doped
semiconductors [12]. Calling I the ionization potential and A the electron affinity, the
fundamental (or transport) gap is I−A (note that this quantity is a ground-state prop-
erty of an electronic system). It is well established that the KS gap, i.e., the difference
between the energies of the KS highest-occupied molecular orbital (HOMO) and of
the lowest-unoccupied molecular orbital (LUMO) in a molecule/cluster (valence band
maximum and conduction band minimum in a solid), does not equal this I−A, even
with the exact xc functional [13, 14]. Calculations suggest that the KS gap is typically
substantially smaller (by about 50%) than the fundamental gap for semiconducting
solids [15]. The LDA and GGA approximations yield accurate KS gaps, but it is the
fundamental gap that is of real interest. In principle, I−A can be found by adding
and subtracting electrons from a large atomic cluster with the symmetry of the bulk
material. Unfortunately, in LDA or GGA, this gap, found by total energy differences,
incorrectly collapses to the KS gap, because these approximations wrongly allow
electrons to completely delocalize over insulating solids. This property is also related
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to the fact that such approximations lack a derivative discontinuity that prevents this
over delocalization [14].

Another crucial deficiency of LDA and GGA approximations is their incorrect ac-
counting of long-range correlations, in particular van-der-Waals (vdW) interactions
(see also in this book the chapters by Malet et al. for strongly interacting electrons,
and by Watermann et al. for vdW).

3 Mending the Self-Interaction Error: Hybrid Functionals

In the early 1990s, hybrid functionals were introduced by Becke [24], by treating the
exchange term as orbital-dependent, via generalized KS theory [26]. In practice, a
fraction (typically 20%) of GGA exchange is replaced with Hartree-Fock (HF) ex-
change. This approach lead to the ubiquitous B3LYP [25], the most popular approx-
imation in use in theoretical chemistry today. Since in HF theory the self-interaction
error is absent, hybrid xc functionals show typically a much smaller self-interaction
error. This implies that, compared to LDA and GGA, hybrid functionals yield more
accurate fundamental gaps for semiconductor materials. A recent functional, called
HSE [27] not only mixes in some HF, but also performs a range-separation. Based on
exact theorems of Savin [28] the short-range part of the HF exchange is treated ex-
actly, while the long-range contribution is treated by approximate DFT. The resulting
functional, used to calculate gaps in the generalized scheme, appears to work ac-
curately for a large variety of moderate-gap semiconductors [27]. It yields accurate
fundamental gaps when excitonic effects are negligible, and is closer to optical gaps
when they are not [29, 30], provided the range-separation length is appropriately
optimized.

4 Rationalizing the Performance: Data Sets

Before describing how the problems of LDA and GGA xc functionals were addressed
and largely overcome, it is worthwhile to present a relatively recently introduced set
of criteria for evaluating the performance of old and new xc functionals. In the past
twenty years benchmark data sets of ground states of molecules and molecular pro-
cesses have been created in quantum chemistry and their impact is steadily growing.
Their practical utility and critical value is to offer a set of criteria for objectively evalu-
ating the performance of various electronic-structure methods, both in the DFT and
WFT communities. In such test sets, the reported quantities are evaluated with the
high-level (post-Hartree-Fock) first principle quantum chemistry methods available
today, typically “coupled-cluster theory with single, double, and perturbative triple
substitutions”, CCSD(T) [16]. The great merit of the data sets based on reliable
high-level electronic-structure theory calculations is to disconnect theory from ex-
periments. While this may sound rather as a limit, as experiments can potentially



Application of (Kohn-Sham) Density-Functional Theory to Real Materials 5

be extremely accurate and guarantee an unquestionable description of reality, the
choice of a theoretical method as benchmark, provides the unique opportunity to
directly compare the quantities that the tested method yields — namely the energy
of a molecule or molecular complex — not a derived property that can be mea-
sured experimentally. In particular the comparison can be based on exactly the same
molecular geometry and immune to complicated relativistic and electronic-vibrational
coupling effects, making the comparison simple and well-defined.

Examples of such data sets are: the W4-08 set [18] where atomization energies of
99 covalent molecules are listed; the S22 set [19] containing 22 bio-oriented weakly-
bound molecular complexes of different size and bonding type (seven of hydrogen
bonding, eight of dispersion bonding, and seven of mixed nature); the more compre-
hensive S66 set [20], containing 66 weakly bound molecular complexes; HTBH38
[21] containing the forward and inverse barrier heights of 19 hydrogen-transfer re-
actions, and NHTBH38 [22] with 19 reactions involving heavy atom transfers, nucle-
ophilic substitutions, association, and unimolecular processes.[17] Recently, a thor-
ough benchmark data set GMTKN30 was proposed [23], which includes 30 subsets
collected from the literature, covering a large cross section of chemically relevant
properties of main-group molecules.

Figures of merit that are cited when testing an electronic-structure method vs
a data set are the mean absolute relative error (MARE), the mean error (ME), the
mean absolute error (MAE), the maximum absolute relative error (MaxARE), and the
maximum absolute error (MaxAE).

As much as data sets for molecular ground states and processes are becoming
more and more well assessed, at present reference data sets for an important class
of systems, namely crystalline solids, are missing. The main reason of this lack is the
impracticality of calculations with periodic boundary conditions (pbc) with a method
like CCSD(T). In particular for complex (transition) metal systems, the accuracy of
CCSD(T) is not yet fully verified. A data set on crystalline solids is however highly
needed in computational materials science, as recently the improvement of com-
puter power and efficiency of algorithms for the evaluation of the electronic structure
of a given system (material) and for the sampling of its potential energy surface, put
computational materials science in the position of scanning large amounts of differ-
ent materials searching for optimized desirable properties. We may very interested
to search for new efficient functional materials for, e.g. photovoltaics, heterogenous
catalysis, and thermoelectrics. A prerequisite for this search to be successful is to re-
quire a controllable accuracy of the electronic-structure methods used for performing
the search.

5 Improving the Description of Weak Interactions I: The Random
Phase Approximation (RPA) and Beyond

Electron correlations as described by xc functionals introduced so far, are of (semi-)
local nature (in practice, an electron “feels” other electrons only in its vicinity), while
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van-der-Waals dispersion energy arises from the correlated motion of electrons often
distant from each other; these correlations must be described by many-body quan-
tum mechanics. While generally weaker compared to covalent bonds, vdW forces are
crucial to properly describe, e.g, the so-called physisorption of organic molecules on
inorganic and organic surfaces. Interestingly, they play a noticeable role even for
chemisorption when strong chemical bonds are formed between docking groups of a
molecule and the substrate (e.g., for self-assembled monolayers [SAMs] bonded to
gold by thiolates [34]). Van-der-Waals interactions are found to contribute substan-
tially also to the cohesion energy of bulk noble metals [35].

An exact route toward the description of vdW interactions in DFT is provided
by the adiabatic connection fluctuation-dissipation (ACFD) theorem [36, 37]. The
ground-state total energy of an interacting many-body Hamiltonian can formally be
obtained via the adiabatic-connection (AC) technique, in which a continuous set of
coupling-strength (λ)-dependent Hamiltonians is introduced that “connect” a refer-
ence Hamiltonian with the target many-body Hamiltonian. In KS-DFT, the adiabatic
switching-on of the Coulomb interaction between electrons is done along a path
that is chosen such that the electron density is kept fixed at its physical value.
In this way an exact expression of the xc functional is recast in terms of density-
density correlations (fluctuations). The density - density correlations are linked to
the response properties (dissipation) of the system through the zero-temperature
“fluctuation-dissipation” theorem (FDT). The FDT is a powerful technique in statis-
tical physics. It states that the response of a system at thermodynamic equilibrium
to a small external perturbation is the same as its response to the spontaneous in-
ternal fluctuations in the absence of the perturbation. Full ACFD-DFT calculations,
however, are unfeasible, hence approximations must be employed. In this context,
the “random-phase approximation” (RPA) is a particularly simple approximation of
the response function.

The RPA for electron correlation (cRPA), combined with the exact HF treatment
of exchange (hence, EX+cRPA) [31] has recently gained popularity. This method
yields a remarkable performance for lattice constants (1.4%) and bulk moduli of
solids (11%) [32]

The exact-exchange energy cancels the spurious self-interaction error present in
the Hartree energy exactly (although the RPA correlation itself does contain some
self-correlation and is non-zero for one-electron systems). The RPA correlation en-
ergy is fully non-local and includes long-range vdW interactions automatically and
seamlessly. Moreover, dynamic electronic screening is taken into account by sum-
ming up a sequence of “ring” diagrams to infinite order, which makes RPA applicable
to small-gap or metallic systems where finite-order many-body perturbation theories
break down.

Although cRPA yields the correct C6/R6
i j asymptotic behavior for a pair of well-

separated finite systems [38] (Ri j is the distance between fragments i and j, and C6
is the associated dispersion coefficient), it is not accurate for short-range correlations
[39, 40]. In particular, it has been reported a systematic underestimation of binding
energies and a failure to describe stretched radicals [41]. This has limited the applica-
bility of the method until in recent times a systematic improvement has been achieved
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by including renormalized single-excitation (rSE) corrections [42] (a concept bor-
rowed from many-body perturbation theory), and second-order screened exchange,
SOSEX, [43]. The method that employs EX for the exchange and cRPA+rSE+SOSEX
for the correlations is called renormalized second order perturbation theory (rPT2)
[43]. This method has been shown [41] to yield a remarkable accuracy for dissocia-
tion energy of dimers, vdW interactions (S22 set, see Fig. 1), reaction-barrier heights
(HTBH3 and NHTBH3 sets), and good performance for atomization energies (G2-I
set), all the above benchmarked to CCSD(T) calculations.

RPA based methods are an area of active research. In particular, there is a great
interest in developing schemes that offer a reduced computational cost, schemes
that provide RPA-level forces and schemes that achieve self-consistency, in order to
eliminate or at least greatly reduce the dependence on the input orbitals.

6 Improving the Description of Weak Interactions II: Long-Range
Corrections to “Traditional” xc Functionals

Langreth et al. developed the vdW-DF functional over the last decade [45, 46, 47].
Like the RPA, it is based on the ACFD theorem. Characteristic for DFT calculations,
the corresponding nonlocal correlation energy contribution is obtained from the elec-
tron density only. The local electron correlation is treated by LDA, while the exchange
energy is described by the generalized gradient approximation (GGA) to the xc func-
tional, specifically the revPBE [11] functional. The approach is very attractive, as it
is derived from first principles and does not rely on empirical parameters or fitting.
With recent implementations [48] its computational efficiency is comparable to that of
standard DFT-GGA calculations. However, especially for intermolecular interactions,
the performance of original vdW-DF is not spectacular [49]. The errors are around
20%− 30% for intermolecular energies and 0.3− 0.4 Å for equilibrium distances.
Furthermore, the accuracy for solids is not yet fully established. The improvement of
vdW-DF is an active research field, and recent developments yield better accuracy
by employing different exchange functionals than revPBE for the short range and/or
by introducing parameters fitted to high-level quantum chemical binding energies.
[50, 51].

In the chapter by Watermann et al. of this book an alternative approach to vdW-DF
is described. Here, I focus on a different class of methods, i.e., adding the interatomic
dispersion energy contributions to DFT total energies, typically only considering the
leading-order C6R6

i j term, with a cutoff at short distances. The pioneer of this class
was the DFT-D approach, that has gained popularity after it was shown [33] that
accurate results for intermolecular interactions can be achieved, and DFT-D can be
connected to different functionals. It has shown good accuracy for intermolecular in-
teractions (15%−20% error for energies and 0.1−0.2 Å for equilibrium distances),
and it has the same computational cost as the underlying DFT calculation. The main
shortcoming of such DFT-D formulations is the high level of empiricism, requiring
at least two fitting parameters for every element in the periodic table. Furthermore,
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different possible hybridization/oxidation states of atoms in different chemical or ge-
ometrical environments were not accounted for.

Recently, several groups have proposed different solutions to these issues. In
particular, Tkatchenko and Scheffler (TS) developed a method to obtain accurate
dispersion coefficients and vdW radii directly from the ground-state molecular or
condensed-matter electron density (DFT+vdW method) [44] This approach starts
from high-level quantum-chemistry calculations for free atoms, and then the changes
that result from the interactions between atoms are obtained from the electron den-
sity of the polyatomic system. In practice, the tail correction is written as C6[n]R−6

i j ,
where each C6[n] is a functional of the DFT electron density n. There is a single pa-
rameter remaining in the DFT+vdW method, the vdW radius scaling. This parameter
defines the linkage of the R6

i j vdW interaction and the DFT functional. The necessity
of this parameter (the vdW radius) remains the main weakness of the approach. A
strength of the DFT+vdW method and of the general DFT-D concept is that they can
be easily coupled to different xc functionals. This approach shows remarkable accu-
racy for intermolecular interactions (8% error for energies and 0.1 Å for equilibrium
distances), handles different hybridization states transparently, and has the same
computational cost as the underlying DFT calculation. In the original formulation of
Ref. [44], the method could not treat extended systems such as solids and (adsorp-
tion on) surfaces. Subsequently two other schemes for coping with (non-metallic)
solids [54] and organic/inorganic interfaces [55] were introduced. In both cases the
tail correction appears in the form C6[n]R−6

i j , but for the derivation of the C6[n] the
non-local screening effect of the extended system is accounted for.

More recently, the TS method was further developed by including many-body
contributions to the dispersion interactions [52, 53]. This is achieved by modeling
the weakly interacting molecular fragments as a system of coupled quantum har-
monic oscillators (QHO) within the random-phase approximation (RPA). The result-
ing many-body dispersion (MBD) method contains two types of energetic contribu-
tions that arise from beyond-pairwise (non-additive) interactions and electrodynamic
response screening.

In Fig.1 a comparison of the relevant methods for the description of long-range
correlations is shown.

7 Not so Universal: Parameters-Dependent Families of
Functionals

As mentioned above, the first approximation to the xc functional was LDA, whose
actual formulation is determined by properties of the uniform electron gas. No one
disputes that DFT with LDA is non-empirical. However, even just the next step up in
xc-functional sophistication, the GGA, has no unique form. Two fundamentally differ-
ent approaches has been followed to design GGA (and higher-level) xc functionals.
One school of thought, led by John Perdew [9, 10], uses exact conditions of quantum
mechanics to derive the parameters for the (approximate) functionals. Following the
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second kind of approach, one allows for one or few parameters to be fit to specific
(real) systems. A typical example belonging to this approach is the LYP correlation of
B3LYP [25]. Similar approximations are based on sound physical reasoning, indeed
in some cases those fitted parameters could be also (later) derived from first princi-
ples [10]. It may be worth noting that if the fitting approach is followed, the resulting
xc functional typically displays higher accuracy for systems similar to those fitted
(often by a factor of two), but greater inaccuracies far away. For example, LYP corre-
lation works very well as part of B3LYP in chemistry, but fails badly for bulk metals.
The exact-conditions-based PBE approximation [10], in contrast, works fairly well for
many features of extended (periodic) systems, but can be a factor of two or more
worse than BLYP for dissociation energies. A simple example of a first-principles ap-
proach is given by the B3LYP approximation (and its materials counterpart, PBE0
[58]). The crucial choice for a hybrid functional, which mixes HF with GGA exchange,
is the fraction of exact (HF) exchange, about 20% in B3LYP. This value was fixed
once and for all in the definition of the functional. The amount of mixing can be ra-
tionally related to other aspects of atomization energies [58]. If authors adjust the
amount of mixing to improve their results for some system or property, this is not first
principles.

Fig. 1 Performance on the S22 [19] dataset of the relevant methods for the description of long-
range correlations. The figure is created with data reported in Refs. [41, 49, 56]. The references for
the reported functionals are: PBE [10], PBE+TS (PBE with Tkatchenko-Scheffler vdW correction)
[44], vdW-DF1 and vdW-DF2 [57], VV10 [50], PBE0-D3 [33], PBE0+TS [44], PBE0+MBD (PBE0
with many-body dispersion correction) [53], EX+cRPA [31], rPT2 [43]. The mean absolute relative
error for PBE in the “dispersion” subset of S22 far exceeds the range of the plot, as indicated by the
number on the top of the bar.
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A global optimization, i.e. valid for all systems may also use different criteria than
optimizing to physical properties of a data set, for example, computational efficiency
(of course, only possible if the computational cost associated with the functional is
a function of one or more parameters). I focus on the HSE hybrid functional [61]
as an example. This functional can be seen as signpost of a family of functionals,
depending on (two) parameters. Perturbation theory [58] gives for the fraction of HF
exchange α= 0.25, but HSE belongs only in a generalized sense to the class of func-
tionals treated in [58], the “adiabatic connection functionals”; in fact, only the short-
range portion of the HSE functional is affected by the parameter α. In Ref. [61],α was
fixed at 0.25, while the exchange screening parameter was tuned to ω= 0.11 bohr−1

in order to minimize the error of enthalpies of formation, ionization potentials, and
electron affinities of properly-selected group of data sets. Later, Chelikowsky and co-
workers [60] treated both parameters (α,ω) as freely tunable, and found a slightly
different pair (α = 0.313,ω = 0.185 bohr−1) that minimizes the error, defined with
similar criteria as in [61]. Alternatively, the pair (α = 0.525,ω = 0.408 bohr−1) yields
the same error as HSE06 (α = 0.25, ω = 0.11 bohr−1) but with a much shorter
screening parameter, i.e., reduced computational cost.

An extreme example of the fitting approach is represented by the Minnesota xc
functionals developed by Truhlar and coworkers, reviewed in Ref. [59]. These func-
tionals adopt the same basic ingredients as the standard approximations, but opti-
mize performance on a training set of energies by fitting up to several dozen param-
eters. These often produce more accurate results on systems close to those trained
on and beyond, by employing functional forms that are more complex than those
of the standard functionals, and challenge orthodoxy concerning the limitations of
given levels of approximation [59]. Nonetheless, since these functionals contain no
parameters adjusted to the system being calculated, they can be still considered as
first-principles [8].

8 Positive Temperatures: DFT-Based Molecular Dynamics

The above analysis of the accuracy of approximate xc functional used in the prac-
tice of DFT, was based on dataset, i.e., on the (formation or interaction) energy and
geometry of (meta)stable molecules, molecular complexes, and periodic structures.
The assessment of such performances is a necessary step for a functional but is
only preliminary before DFT can be applied to the description of realistic systems.
The missing ingredient is the sampling of the potential energy surface (PES) at pos-
itive temperatures (canonical ensemble) and the possibility of changing the number
of particles in the system (grand-canonical ensemble). In general the attention is
shifted from the (local or global) minimization of the total energy (coulomb plus xc
interactions) to the minimization of the properly definxed free energy, i.e. analytically
or statistically accounting for the entropy of the system at the given conditions. In
this section, I briefly discuss the applications of a wide-spread technique to sample
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the PES of a system at positive temperature 1, while in the next section I describe
a methodology that allows for the evaluation of the (meta)stability of materials in
reactive environments at positive temperature.

Ab initio molecular dynamics (AIMD) simulations combine classical molecular dy-
namics simulations for the nuclei with electronic structure calculations. In classical
molecular dynamics nuclei are treated as point particles and the Newtonian equa-
tions of motion are integrated numerically. The theoretical foundations for ab initio
molecular dynamics were laid with the work of Ehrenfest [62] and Dirac [63] during
the first half of the twentieth century. Dirac developed the theory of time-dependent
self consistent field (SCF) equations for nuclear and electronic motion and Ehrenfest
derived mixed classical-quantum mechanical (time-dependent electronic structure)
equations. In 1985 it was the seminal article of Roberto Car and Michele Parrinello
[64] which initiated the use and further development of ab initio molecular dynam-
ics simulations. The authors intended to derive a new method which is able to “(i)
compute ground-state electronic properties of large and/or disordered systems using
state-of-the-art electronic structure calculations; (ii) perform AIMD simulations where
the only assumptions are the validity of classical mechanics to describe ionic motion
and the Born-Oppenheimer (BO) approximation to separate nuclear and electronic
coordinates” [64]. For this purpose Car and Parrinello made use of the extended
Lagrangian technique, previously invented to simulate systems under constant pres-
sure [65, 66]. In practice, in BO-MD the electronic wave-function is optimized to its
ground state at each time step, while in CPMD an approximated ground state is prop-
agated by describing the wavefunction with auxiliary (fictitious) degrees of freedom.

For several years CPMD has dominated the field of AIMD due to its computational
efficiency. Recently, however, more efficient algorithms for the scf convergence in
DFT codes, in particular in connection with localized basis sets, made BO-MD more
appealing, also considering that it generally allows for larger time steps than CPMD.

The time-span of AIMD is limited to few up to tens of ps (for a system of few
tens of atoms), nonetheless reliable evaluations of several relevant quantities could
be performed. For instance, order-to-disorder phase transitions in fluids [71, 72, 73]
could be simulated, (self)diffusion and conductivity in liquids [74, 67], infrared (IR)
spectra [68], NMR spectra [69], heat capacities [70]. CPMD proved to be well suited
for describing several properties [75, 76] of the vapor phase [77], liquids [78, 79],
mixtures, and solvent effects [80, 81], substitution [82] and redox [83] reactions in
solution

A prerequisite for a meaningful sampling of the PES is that the accuracy of the
adopted functional does not deteriorate far from geometrical local minima (forces
are zero and their first derivatives wrt position are all positive). Some data sets take
into account distorted geometries, in particular along a “reaction path” (examples
are HTBH38 [21] and HTBH38 [22]), but more important is the overall accuracy, thus
different data sets, for example benchmarked to (experimental) IR spectroscopy may

1 The dynamics of the nuclei is trated at positive temperature, whereas the electronic wavefunction
is considered at or near its ground state. Inclusion of non-adiabatic effects, i.e., loosely speak-
ing, electronic excited levels are treated in this book in the chapter by Doltsinis. Since there is no
widespread technique for beyond-BO MD, I do not mention further this class of methods
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be more significant. For theoretical IR spectroscopy, time autocorrelation functions
of the molecular dipole moment are averaged upon canonical sampling of the PES;
hence both the accuracy of the functional and of the sampling method are stretched
to their limit. I will not mention further the problem of having a proper canonical
sampling of the PES, where also the dynamic correlations are preserved, except
that it is an active area of research [84, 85].

Coupled to efficient techniques, such as thermodynamic integration, adiabatic
switching [86], and metadynamics [87, 88], for the evaluation of difference in free-
energies between two phases or in general two metastable states of one system,
AIMD allowed for the accurate determination of the melting line of, e.g., diamond
and nitrogen [89, 90], or the phase diagram of silica [91], accurate heat capacities
and expansion coefficients of solids up to their melting line [70].

All the former works have one approximation in common: a system of few (tens
or hundreds) atoms, typically periodically replicated via pbc, is used as a model for
the behavior of a macroscopic, experimentally accessible system. In facts, in such
studies, an evaluation of the size effect (i.e. the influence of the finiteness of the size
of the system) on the the calculated thermodynamic values is typically performed.
Recently, experiments on “single” (i.e. gas phase) molecules and clusters became
possible and AIMD found a natural partner, where the assumption in comparing ex-
periment to ab initio calculations are reduced to a minimum (yet not eliminated, e.g.,
the problem of ensuring thermodynamic equilibrium in gas phase experiments re-
mains open). For example, positive-temperature IR spectra [92] and structural stabil-
ity [93] of polipeptide alpha helices in vacuo were tested up to the unusual tempera-
ture of 700 K, in agreement with related experiments; the important role of the vdW
interaction for the stability could then be singled out from the contribution given by
the network of hydrogen bonds when the same molecules are in a (polar) solvent.
Also, positive-temperature IR spectra of gold clusters [94], complexed with rare-gas
atoms, could be compared to parallel experiments and thus it was possible to assign
the structures of the isomers at different sizes.

9 Beyond the Perfect Specimen in Vacuo: Ab Initio Atomistic
Thermodynamics

The behavior of a surface under ultra-high vacuum (UHV) conditions (10−13−10−9

atm) and low temperatures (e.g. room temperature and below) may be different from
its behavior when exposed to a (reactive) gas at high pressures and temperatures:
this is called the “pressure gap” [95]. In this respect, one of the main concerns in
surface science has been the extrapolation from UHV conditions and single crystal
substrates of surface science, to the high pressures and temperatures, and the of-
ten quite complex structures of industrial catalysts under reaction conditions. This
deviation between the single crystals and “working” catalyst materials, has been
coined the “material gap”. Because the native catalyst material may undergo sig-
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nificant changes when under actual operating conditions, the material and pressure
gaps are typically linked.

When a surface is in contact with a realistic environment, e.g. an atmosphere
containing oxygen and water, atoms or molecules from the environment can adsorb
on the surface and/or atoms from the surface can be released into the environment.
What is typically called a stable surface structure is in fact a statistical average over
adsorption and desorption processes.

For (near-)equilibrium system, a successful methodology for the prediction of sta-
ble and metastable structures at given environmental conditions is ab initio atomistic
thermodynamics (AIAT), which, as the name suggests, combines atomistic (in prac-
tice, DFT) data with text-book thermodynamic concepts, in order to provide phase
diagrams for the relative stability of structure, as function of the chemical potential
of the involved species. In this sense, it is a multiscale approach, which enables the
linking of the time and length (sub)nanoscale (i.e. around or less than nm and ns),
accessible to ab initio calculations, to the meso- and macroscale accessible to exper-
imental investigation. AIAT requires affordable additional computational cost (namely,
calculation of phonons/vibrational spectra) on top of the usual local optimizations of
structures. The key requirement is, however, to ensure that all relevant local min-
ima of the PES of a given (open) system are found. If for controlled situations (e.g,
defects in bulk , adsorption on surfaces) intuition and symmetry considerations may
let convincingly a priori enumerate all the possible structures [96, 97], in other yet
relevant cases (e.g., gas-phase and supported clusters in reactive environment) a
thorough and unbiased global minimization should be carried out [98, 99, 100]. AIAT
was initially [101, 102], but also recently [103], applied to the prediction of defects in
bulk semiconductors, as function of the doping (captured by the Fermi-energy level).
Later, it attracted widespread attention when applied to surface-oxide formation [96],
stability of semiconductor surfaces [104], heterogeneous catalysis on metal-oxide
surfaces [97] under “constrained equilibrium” conditions (the reactants do not react
in the gas phase, but only with the aid of the catalytic surface, and the desorption of
the product is the rate limiting step of the catalytic process).

The thermodynamic phase diagrams provided by AIAT may serve as a starting
point for steady-state analyses where kinetic effects are also explicitly introduced.
This is the case of ab initio kinetic Monte Carlo, but this and connected materials
science topics go well beyond the scope of this chapter.

10 The Future

On one side the future of DFT-based theoretical material science is in the improve-
ment of the approximated xc functionals. On the other side, multiscale procedures for
the extrapolation of atomistic information (energy as function of atomic configuration)
should be developed further in order to describe equilibrium but also non-equilibrium
conditions (time multiscale), but also long-range inhomogeneities of the considered
material (space multiscale) in a reactive and possibly evolving environment (i.e., for
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treating corrosion, chemical reactors, Earth-atmosphere chemistry and thermody-
namics ...). It must be underlined that an accurate description at the electronic struc-
ture (atomistic) level is of fundamental importance as a basis of any multiscale ex-
trapolation. In fact, in some fortunate cases statistical mechanics may “average out”
inaccuracies at the atomistic level, but in other cases (that may be the majority) the
upscaling may multiply the effect of such inaccuracies, especially if uncontrolled.
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